LOOP PRODUCTS AND CLOSED GEODESICS 



MARK GORESKYi AND NANCY HINGSTON^ 



Abstract. The critical points of the length function on the free loop space A{_A/) of a compact Rie- 
mannian manifold M are the closed geodesies on M. The length function gives a filtration of the homology 
of A(M) and we show that the Chas-SuUivan product 

H,(A) X Hj{A) (A) 

is compatible with this filtration. We obtain a very simple expression for the associated graded homology 
ring GrHf{A{M)) when all geodesies are closed, or when all geodesies are nondegenerate. We also construct 
a new but related cohomology product 

H^{A,Ao) X W{A,Ao) ^ //'+J+"-i(A, Ao) 

(where Aq = M is the constant loops), also compatible with the length filtration, and we obtain a similar 
expression for the ring GrH* (A, Ag) in these two cases. The non- vanishing of products cr*" G Ht,{A) and 
T®" £ H* (A, Ao) is shown to be related R. Bott's analysis of the rate at which the Morse index grows when 
a geodesic is iterated. 
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1. Introduction 



1.1. Let M be a smooth compact manifold witliout boundary. In ^CSj . M. Clias and D. 
Sullivan constructed a new product structure 

Hi{A) X i/,(A) ^ i/.+,-„(A) (1.1.1) 

on the homology if* (A) of the free loop space A of M. In |CKS] it was shown that this 
product is a homotopy invariant of the underlying manifold M. In contrast, the closed 
geodesies on M depend on the choice of a Riemannian metric, which we now fix. In this 
paper we investigate the interaction beween the Chas-SuUivan product on A and the energy 
function, or rather, its square root, 

,1 s 1/2 



F{a) = ^E{a)= (^j^ \a\t)\^dt^ 



whose critical points are exactly the closed geodesies. For any a, < a < oo we denote by 

those loops a G A such that F{q) < a, F{a) > a, F{a) = a, a < F{a) < b, etc. (When 
a = oo we set A^° = A-" = A.) In this paper we will use homology ii*(A-°;G') with 
coefficients in the ring G = Z if M is orientable and G = Z/(2) otherwise. In [|5]we prove 
the following. 

1.2. Theorem. The Chas-Sullivan product extends to a family of product^ 







( A <a+b 


^,(A^",A^"') X Hj{A^\A^^') 




/ A <a+b 


Hi{A^^,A<^) X Hj{A^\A<^) 




/ A <a+b 



A<'^+'') (1.2.1) 

whenever < a' < a < cxd and < b' < b < oo. These products are compatible with respect 
to the natural inclusions A-^ —>■ A-^ whenever c' < c. 

We refer to iyj(A-", A<") as the level homology group, or the homology at level a, with its 
associated level homology product fll.2.ip . It is zero unless a is a critical value of F. 

1.3. In ^we consider analogous products in the cohomology of the free loop space. (We 
discuss the cup product briefly in §9.41 ) It is possible to mimic the construction of the 
Chas-Sullivan product, word for word, in cohomology, but this results in a trivial product, 
cf. §8.1[ However by utilizing a certain one parameter family of reparametrizations, it is 
possible to construct a nontrivial product in cohomology. 



^ Here, Hi{A-°-) denotes Cech homology. In Lemma [A. 41 we show that the singular and Cech homology 
agree if < a < oo is a regular value or if it is a nondegenerate critical value in the sense of Bott. 
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1.4. Theorem. Let < a' < a < oo and < b' < b < oo. There is a family of products 



H\A,Ao)xH\A,Ao) 


® 




^^■+"-i(A,Ao) 


(1.4.1) 


H'(A<^^A<^') X H^{A^\A^^') 


® 




hj+n-l ^^<min(a+f)' ,a'+f)) ^<a'+fe' 






® 






(1.4.2) 



which are associative and (sign-) commutative, and are compatible with the homomorphisms 
induced by the inclusions A-^ —>■ A-'^ whenever c' < c. The product ^^JjJ^I ^-^ independent 
of the Riemannian metric. 

The same construction gives (cf. §8.4p a (possibly noncommutative) product ® on the 
cohomology of the based loop space Q such that h*{a®b) = h*{a)®h*{b) where a,b E H*{A) 
and h : Q ^ A denotes the inclusion. In §13.91 we calculate some non-zero examples of this 
product. 

1.5. If the ring (if*(A, Aq), ®) is finitely generated then the existence of the product ® is 
already enough to answer a question of Y. Eliashberg, cf. §9.5t the maximal degree of an 
"essential" homology class of level < t can grow at most linearly with t. 

1.6. There is a well-known isomorphism between the Floer homology of the cotangent 
bundle of M and the homology of the free loop space of M, which transforms the pair-of- 
pants product into the Chas-SuUivan product on homology, see |ASH IAS2t ISaWj IVTl ICHV] . 
The cohomology product described above should therefore correspond to some geometrically 
defined product on the Floer cohomology; it would be interesting to see an explicit construc- 
tion of this product. (The obvious candidate would be some 1-parameter variation of the 
coproduct on homology given by the upside-down pair of pants.) It would also be interesting 
to compare the cohomology product described above with the coproduct in homology that 
is outlined in |Suj . (For odd dimensional spheres the product in [Suj is zero while the ® 
product is non-zero.) 

1.7. The critical value (see Q of a homology class 7^ r/ G Hi{A) is defined to be 

cr{r]) = inf {a G M : r/ is supported on A-'^} . (1-7-1) 

The critical value of a cohomology class 7^ « G /f*(A, Aq) is defined to be 

cr(a) = sup |a G M : a is supported on A-"} . 

(These are necessarily critical values of F.) In Proposition 15.41 and Proposition 19.21 we show 
that the products * and ® satisfy the following relations: 

cr(a * P) < cr(a) + cr(/3) for all a,P E H^{A) 
cr(a ® (3)> cr(a) + cr{(3) for aU a, /5 G if* (A, Aq). 
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1.8. A homology class r] G H^,{A) is said to be level nilpotent if cr{ri*^) < Ncr{ri) for some 
> 1. A cohomology class a E H*(A,Aq) is level nilpotent if cr(a®^) > A^cr(a) for some 

A^ > 1. There are analogous notions in level homology and cohomology: A homology (resp. 
cohomology) class rj in i?(A-'^, A^'^) (where H denotes homology, resp. cohomology) is said 
to be level-nilpotent if some power vanishes: t]*^ = (resp. t]®^ = 0) in i?(A-^'^, A<^"). 
In §7] and §101 we prove: 

1.9. Theorem. // all closed geodesies on M are nondegenerate then every homology class 
in if*(A), every cohomology class in if*(A, Aq), every level homology class and every level 
cohomology clas^ in i7(A-", A<") is level-nilpotent (for all a G My). 

1.10. On the other hand, non-nilpotent classes exist when all geodesies are closed. Suppose 
E is the energy function of a metric in which all geodesies on M are closed, simply periodic, 
and have the same prime length £, as defined in §12.11 The critical values of F = \fE are the 
(non- negative) integer multiples of i. The set of critical points with critical value ri {r >1) 
form a (Morse-Bott) nondegenerate critical submanifold C A that is diffeomorphic to the 
unit sphere bundle SM by the mapping a a'(0)/r£. 

Let \r be the Morse index of any geodesic of length r£. Let h = Ai + 2n — 1 where 
n = dim(M). Then Hi{A^^) = for i > h. Let 

e G Hh{A^^] G) = G 

be a generator of the top degree homology group. In §121 and Corollary 112.71 we prove: 

1.11. Theorem. The r-fold Chas-Sullivan product 

e*^Gi/A„+2n-l(A^^^A<^^;G)^G 

generates the top degree homology at the level ri, and more generally, the Chas-Sullivan 
product with B induces an isomorphism 

i^,(A^^ A<") i7,+,_„(A^'^+^ A<'^+0 

for all degrees i and for all level values a. The energy E determines a filtration = Jq C 
/i C ■ ■ ■ C H^{A,Aq) such that Ij*Ik C Ij+k- The associated graded ring is isomorphic (with 
degree shifts) to the ring 

GrjH,{A, Ao) = H,{SM)[T]>, (1.11.1) 

of polynomials of degree > 1, where H^{SM) denotes the homology (intersection) ring of 
SM. 

The full Chas-Sullivan ring H^..{A) was computed by R. Cohen, J. Jones, and J. Yan [CJYj 
for spheres and projective spaces. The relatively simple formula fll.ll.ip is compatible with 
their computation. It seems likely that there may be other results along these lines when 
the Riemannian metric has large sets of closed geodesies. 



'see previous footnote 
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1.12. In ^IT3] and Corollary 113.81 we prove the analogous result for cohomology. Suppose 
that all geodesies on M are closed, simply periodic, and have the same prime length £. Then 
H\K^\ A=0) = for i < Ai. Let 

^] G i7^i(A-^A=°;G) = G 
be a generator of the lowest degree cohomology group G = Z or Z/(2). 

1.13. Theorem. The r -fold product 

generates the lowest degree cohomology class at level ri and more generally, the product with 
Q induces an isomorphism 

H^i^K—"' A^'') > J^i+h—n ^j\^<a+t, ^<a+^^ 

for all degrees i and all level values a. Moreover, the energy induces a filtration 

//'(A,Ao) =/°D I'd I'd ■■■ 

hy ideals such that P ® C P'^^. The associated graded ring Gr^ H*{A, Aq) is isomorphic 
(with degree shifts) to the ring, 

H*{SM)[T]>i 

where H*{SM) denotes the cohomology ring of SM. 

1.14. Counting closed geodesies. By \VS\ if M is a compact, simply connected Rie- 
mannian manifold whose cohomology algebra H*{M;Q) cannot be generated by a single 
element then the Betti numbers of A form an unbounded sequence, whence by |GrMj . the 
manifold M admits infinitely many prime closed geodesies. This result leaves open the case 
of spheres and projective spaces (among others). 

It is known |Banl |F| IHi2j that any Riemannian metric on S"^ has infinitely many prime 
closed geodesies, and it is conjectured that the same holds for any Riemannian sphere or 
projective space of dimension n > 2. (But see [Z] for examples of Finsler metrics on 5*^ 
with finitely many prime closed geodesies, all of which are nondegenerate.) It should, in 
principle, be possible to count the number of closed geodesies using Morse theory on the free 
loop space A, but each prime geodesic 7 is associated with infinitely many critical points, 
corresponding to the iterates 7"^. So it would be useful to have an operation on if* (A) that 
corresponds to the iteration of closed geodesies. 

If Ai is the Morse index of a prime closed geodesic 7 of length i, then by [Bolj (cf. 
Proposition 16. ip . the Morse index Am of the iterate 7™ can be anywhere between mAi — 
(m — l)(n — 1) and mXi + (m — l)(n — 1). For nondegenerate critical points, the Chas- 
Sullivan product [7] * ■ • ■ * [7] is non-zero exactly when (cf . Theorem 111.31) the index growth 
is minimal (i.e., when Am = ""^Ai — (m — l){n — 1)). Here, [7] G iJAi+i(A-^, A^^) is the level 
homology class represented by the saturation of 7. The Pontrjagin product (on the level 
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homology of the based loop space) is zero unless = mXi. The level cohomology product 
® is non-zero when the index growth is maximal (cf. Proposition 16. II) . 



1.15. Related products. In [CSj, Chas and Sullivan also defined a Lie algebra product 
{a,/?} on the homology -ff*(A) of the free loop space. In ^|T4l we combine their ideas with 
the construction of the cohomology product ® to produce a Lie algebra product on the 
cohomology H*{A,Aq) In §14.31 we use the calculations described in §1.141 to show that 
these products are sometimes non-zero. Also following [CSj . we construct products on the 
T = S'^-equivariant cohomology H^{A,Ao). 

1.16. Several of the proofs in this paper require technical results that are well-known to 
experts (in different fields) but are difficult to find in the literature. These technical tools 
are described in the Appendices, as are the (tedious) proofs of Proposition 18.31 and Theorem 
114.21 The collection of products and their definitions can be rather confusing, so in each 
case we have created a "boxed" diagram which gives a concise way to think about the 



product. 
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2. The free loop space 

2.1. Throughout this paper, M denotes an n dimensional smooth connected compact Rie- 
mannian manifold. Let a : [a, 6] — > M be a piecewise smooth curve. Its length and energy 
are given by 

L{a) = / \a'{t)\dt and E{a) = / \a'{t)\'^dt. 

J a J a 

The Cauchy-Schwartz inequality says that L{a)^ < (& — a)E{a). The formulas work out 
most simply if we use the Morse function F{a) = \J E{a). 

The free loop space A consists of mappings a : [0, 1] ^ M such that q;(0) = a{l). 
It admits the structure of a Hilbert manifold ([K], |Chtj ). so it is a complete metric space, 
hence paracompact and Hausdorff. The loop space A is homotopy equivalent to the Frechet 
manifold of smooth loops (3 : ^ M. Denote by Aq = A-° = M the space of constant 
loops. 
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The energy of a loop depends on its parametrization; the length does not. Thus, L{a) < 
F{a) for all a G A, with equality if and only if the loop is parametrized proportionally to arc 
length (abbreviated PPAL), meaning that is constant. Every geodesic is, by definition, 

parametrized proportionally to arclength. A loop a G A is a critical point of F if and only if 
a is a closed geodesic. Let S C A be the set of critical points of F, and set S"" = S fl A""^. 

The index and nullity of the critical points of F coincide with those of E. Recall (for 
example, from [K] p. 57) that the index of a closed geodesic 7 is the dimension of a maximal 
subspace of T^(A) on which the Hessian d?F{'-)) is negative definite, and the nullity of 7 is 
dim(T°A) — 1 where T°A is the null space of the Hessian (PF{'~f). The —1 is incorporated to 
account for the fact that every closed geodesic 7 occurs in an 0(2) orbit of closed geodesies. 
The critical point 7 is nondegenerate if this single orbit is a nondegenerate Morse-Bott critical 
submanifold, or equivalently, if the nullity is zero. A number a G M is a nondegenerate critical 
value if the critical set S"" consists of nondegenerate critical orbits. In this case there are 
finitely many critical orbits in E"" and the number a G M is an isolated critical value. In ^ IT2] 
we will encounter a critical set S"" of dimension > 1 (consisting of geodesies with nullity 
> 0), which is nondegenerate in the sense of Bott. In this case we say the critical value a G M 
is nondegenerate in the sense of Bott. To distinguish "nondegenerate" from "nondegenerate 
in the sense of Bott", we will sometimes refer to the former case with the phrase "isolated 
nondegenerate critical orbit" . 

Denote by ^ C A the subspace of loops parametrized proportionally to arc length (PPAL). 
Then F{a) = L{a) for all a E A. We write A-"' (etc.) for those a E A such that F{a) < a, 
cf. equation flLL2l) . The following result is due to Anosov [Aj. 

2.2. Proposition. For all a < 00 the inclusion A-"" —>■ A-" is a homotopy equivalence. A 
homotopy inverse is the mapping A : A-*^ — > A-"" which associates to any path a the same 
path parametrized proportionally to arclength, with the same basepoint. It follows that the 
set of loops 0/ length < a also has the homotopy type of A-"". □ 

2.3. The evaluation mapping ev^ : A ^ M is given by evs(a;) = a{s). The figure eight 
space JF = A X M A is the puUback of the diagonal under the mapping 



It consists of composable pairs of loops. Denote by 0s : JF ^ A the mapping which joins 
the two loops at time s, that is. 



evo X evo : A x A ^ M x M. 



(2.3.1) 




for t < s 
for s <t<l 



The mapping (pg is one to one. The energy of the composed loop 0s (a, /5) is 




which is minimized when 

s = y^E{a)/{^E{a) + ^^Wfi)). (2.3.2) 

2.4. Lemma. Consider M = Aq x j^f Aq to he a subspace o/jF = A Xjv/ A. Then the mapping 
(pmin : - M ^ A defined by 0min(a, P) = P) for 

F{a) + F{(3) 

extends continuously across M , giving a mapping 0min : A x m A — > A which is homotopic to 
the embedding (j)s : ^ A for any s G (0, 1), and which satisfies 

F(0min(«, /?)) = F{a) + F{(3). (2.4.1) 

If a and (3 are PPAL then so is 0mm(«,/5)- D 

If A, 5 C A write A Xm 5 = (A x 5) n (A Xm A) and define A* B = (^mm(^ Xm -B) to be 
the subset consisting of all composed loops, glued together at the energy-minimizing time. 
Then A^" * A^'' C A^"+^ 

2.5. By [Cht] Prop. 2.2.3 or [BO] Prop. 1.17, the figure eight space = A x^ A has an 
n dimensional normal bundle v and tubular neighborhood in A x A (see §B.ip because 
the mapping (12.3.11) is a submersion whose domain is a Hilbert manifold. Similarly, for any 

a, 6 G M the space 

jr<«><fe = |(c,,/3) G A<" X A<^ : a(0) = /?(0)} 

has a normal bundle and tubular neighborhood in A^'^ x A^^ and the image (ps{^) has a 
normal bundle and tubular neighborhood in A because it is the pre-image of the diagonal 
A C M X M under the submersion 

(evo, ev^) : A > M x M. 

The normal bundle of A in M x M is non-canonically isomorphic to the tangent bundle 
TM, so the normal bundle u is orientable if M is orientable. 

3. The finite dimensional approximation of Morse 

3.1. In this section we recall some standard facts concerning the finite dimensional ap- 
proximation A4 to the free loop space A of a smooth compact Riemannian manifold M. 
This finite dimensional approximation was described by Morse [Molj but his description is 
rather difficult to interpret by modern standards. It was clarified by Bott |Bo2j and further 
described by Milnor [Mij . Related finite dimensional models are discussed in |BCj . 

Fix p > less than one half the injectivity radius of M. For points x,y & M which lie at 
a distance less than p, we will write |x — ?/| for this distance. 
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3.2. Lemma. Fix N > 1. Let x = {xo,Xi,--- ,xn) e M^+^ Let a : [0, 1] ^ M be any 
piecewise smooth curve such that a{i/N) = xi. If F(a) < p^/N then \xi — < p for 
each i = 1,2, ■ ■ ■ , N and hence, for each i there is a unique geodesic segment from Xi-i to 
Xi. If '~i = 7(x) denotes the path obtained by patching these geodesic segments together, with 
^{i/N) = Xi then 

Filix)) = \J NY^Ux. - x,.,\\ 

Proof. Let ai : jp\ ^ M denote the i-th. segment of the path. Then L{aiY — 

E{ai)/N < p^. Therefore \xi — Xi-i\ < p. The energy of the resulting piecewise geodesic 
path 7 is therefore ^(7) = E^iE(7i) = A^E^^Ixi - □ 
For iV > 1 and a e M let 

M.^"" = {{xq, Xi, ■ ■ ■ , Xn) E M^"*"^ : Xq = x^ and ^(7(0;)) < a} . 

According to Lemma 13. 2^ if a < p then we have a well defined mapping 

j:Mf,''^A. (3.2.1) 

3.3. Proposition. Suppose a < \fNp. Then the mapping F o 7 : Aij^^ M smooth and 
proper. The restrictions 7 : A^-'^ ^ and 7 : A^<'^ A^'^ are homotopy equivalences. 
The mapping'') identifies the critical points (with values < a) with the critical points 
(with values < a) of F. The Morse index and nullity of each critical point are preserved 
under this identification. If, in addition, a is a regular value of F or if a is a nondegenerate 
critical value of F in the sense of Bott (cf. then the spaces A^^" and A-'* have the 
homotopy types of finite simplicial complexes. 

Proof. There is a homotopy inverse h:A^^^ Mjl" which assigns to any loop a : [0, 1] — > M 
the element x = {xq, ■ ■ ■ ,XAr) where Xi = a{i/N) for < i < A^. Since F{a) < a. Lemma 
13.21 implies that F o 'j[h{a)) < a. The composition /i o 7 is the identity. The composition 
70/1: A-" —>■ A-'* is homotopic to the identity: we describe a homotopy Ht from a G A-" 
to 7/1(0;). Given T G [0, 1] there exists i such that [i — 1)/A^ ^ T < i/N. The homotopy 
HT{ot){t) coincides with a{t) for t < {i — l)/N. It coincides with the piecewise geodesic path 
7(a)(t) for t > {i/N). For t in the interval [{i — 1)/N,i/N] the path HT{a){t) agrees with 
a for t < T and it is geodesic on [T,i/N]. Replacing part of the curve a with a geodesic 
segment between the same two points does not increase its energy, so Ht '■ A-" x [0, 1] —>■ A-"' 
is the desired homotopy. 

If a G M is a regular value then A^^° is a smooth compact manifold with boundary, so it 
can be triangulated, hence A-"^ is homotopy equivalent to a simplicial complex. 

If the critical value a of F is nondegenerate in the sense of Bott, then a is also a (Bott-) 
nondegenerate critical value of F o 7. It is then possible to Whitney stratify M.fj"' so that 
A^^° is a closed union of strata. The complete argument is standard but technically messy; 
here is an outline. Each connected component of the singular set of F o 7 is a stratum. 
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The set M^"- — S is another stratum; it is a manifold because it contains no critical points 
of F o 7. Finally, is the open stratum. According to the generalized Morse lemma, 

there exist local coordinate near each point x in the critical set, with respect to which the 
function F o j has the form ^(7(0;)) + Til^^xf — T^l^^j^^xf (with the last n — s coordinates 
not appearing in the formula). Using this, it is possible to see that the above stratification 
satisfies the Whitney conditions. 

Every Whitney stratified space can be triangulated ( [Gorj . [J]), so it follows that M.^ is 
homeomorphic to a finite simplicial complex, hence A-" is homotopy equivalent to a finite 
simplicial complex. □ 



4. Support, Critical values, and level homology 

4.1. Continue with the notation M, A, F, S of §2J Let G be an Abelian group. A class 
a G Hi{A;G) is supported (in Cech homology, cf. Appendix on a closed set A C A if 
there is a class a' G Hi{A; G) such that a = ^^(a') where i : A ^ A is the inclusion. This 
implies that a i-^ G Hi{A,A]G) but the converse does not necessarily hold. Define the 
critical value cr{a) to be the infemum 

cr(a) = inf {a G M : a G Image {HiiA-"; G) Hi{A; G)) } 

= inf |a G M : a is supported on A-"} . 

A non-zero homology class a normally gives rise to a non-zero class (3 in level homology 
at the level cr{a). Let us say that two classes a G Hi{A;G) and P G Hi{A-°-,A^"-;G) are 
associated if there exists an associating class uo G i?j(A-"; G) with 

^ . « H,{A^-) . H,{A) = H,{A) 

in [ (4.1.1) 

(5 Hi{A-\A<'') 

4.2. Lemma. Let a G Hi{A; G), a ^ 0. Then the following statements hold. 

(1) cr(a) is a critical value of F. 

(2) cr(a) is independent of the homology theory ( Cech or singular) used in the definition. 

(3) cr(a) = inf {a G M : a G ker {Hi{A) Hi{A, A^*^; G))} . 

If a &W is a nondegenerate critical value in the sense of Bott, or if G is a field, then 

(4) cr(a) = a if and only if there exists 7^ /? G Hi{A-°', A^°; G) associated with a. 

(5) cr{a) < a if and only if a is associated to the zero class = /5 G ifj(A-", A^"^; G). 

Proof. For part (1), if cr(a) were a regular value than the flow of — grad(F) would reduce 
the support of a below this value. Now let 6„ i cr(a) be a convergent sequence of regular 
values (which exists because the regular values of F are dense in M). By Lemma [A. 41 the 
Cech homology and singular homology of A-^" coincide, which proves (2); and the homology 
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sequence for the pair (A,A-^") is exact, which proves (3). If a is a nondegenerate critical 
value (in the sense of Bott; cf. §2. II) then the set A-*^ is a deformation retract of some open 
set ?7 C A which therefore contains A-''" for sufficiently large n. Hence a is the image of 
some 

Moreover the homology sequence for (A-", A^") is exact, which proves (4) and (5). If G is 
a field, see Lemma IA.5I □ 

4.3. Similarly, a cohomology class a G H^{A,Aq;G) is supported on a closed set B C 
A — Aq if it maps to zero in H^{A — -B, Aq; G) or equivalently, if it comes from a class in 
if-' (A, A — B; G). Define the critical value 

cr(a) = sup {6 : a G ker {H^{A, Aq; G) W{A<\ Aq; G)) ] 
= sup [h : a is supported on A-^} 

Let us say the classes a G if-' (A, Aq; G) and {3 G H^A-^ , A'^^;G) are associated if there 
exists UJ G ^^ (A, A<''; G) with 

UJ a W{A, A<^) W{A, Ao) 

in j (4.3.1) 

(3 i^^■(A^^A<^) 

4.4. Lemma. Let a G H^{A, Aq; G), a 7^ 0. Then the following statements hold. 

(1) cr(a) is a critical value of F. 

(2) cr(a) is independent of the homology theory used in its definition. 

If a &W is a nondegenerate critical value in the sense of Bott, or if G is a field then 

(3) cr{a) = b if and only if there exits 7^ /? G H^{A-^,A^''; G) associated with a. 

(4) cr(«) < b if and only if a is associated with the zero class G //•' (A-^, A^^; G). 

Proof. The proof is the same as in Lemma 14. 2[ □ 

5. The Chas-Sullivan Product 

5.1. Throughout the next three sections M denotes a connected Riemannian manifold of 
dimension n. We assume either (a) the manifold M is orientable and oriented and coefficients 
for homology are taken in the ring of integers G = Z or (b) the manifold M is not necessarily 
orientable, and coefficients for homology are taken in the ring G = Z/(2). We will often 
suppress mention of the coefficient ring G when assumption (a) or (b) is in force. 
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5.2. In |CSj a product * : Hi{A) x Hj{A) Hi+j_n{A) on the homology of the free loop 
space A was defined. It has since been re-interpreted in a number of different contexts 
( [CKSj . |CJ] . |Co] ). Recall, for example from |CJj or [ASl] that it can be constructed as the 
following composition: 

H,{A) X H^{A) 
ex 

iJ,+,(A X A) — H,+^{A X A, A X A - ^) ^ (-^) — i^.+,-n(A) 

In this diagram, e = (— (cf. [DJ VIII §13.3, |Chtj ). and x denotes the homology 
cross product. The map r is the Thom isomorphism (]B.1.2p for the normal bundle z/jr of 
J' = AxA/AinAxA (pit] Prop. 2.2.3, [BO] Prop. 1.17). The composition r o s is a 
Gysin homomorphism (]B.2.4p . The map = 0i composes the two loops at time t = 1/2. 
If M is orientable then z/jf is also orientable ( §2.41) . We will often substitute the homotopic 
mapping (pram of Lemma [2.41 for 0i. The construction may be summarized as passing from 
the left to the right in the following diagram 



Ax A- -A (5.2.1) 



It is well known that the Chas-SuUivan product is (graded) commutative, but this is not 
entirely obvious since it involves reversing the order of composition of loops, and the funda- 
mental group of M may be non-commutative. We include the short proof because the same 
method will be used in §H1 

5.3. Proposition. [CSJ If a e Hi{A) and b e Hj{A) then b*a= (-l)(*-")(J-")a * b. 

Proof. The map cr:AxA^AxA that switches factors satisfies (j*(a x b) = {—iy^{b x a). 
It restricts to an involution o : T ^ T . Identifying 5*^ = M/Z, define : ^ by 
Xr(i) = t + r. The (usual) action, £ : S'l x A ^ A of S*"*^ on A is given by 

Xr(7) = 7 O Xr 

for r G 5^. The action of xi preserves (pi {J-') and in fact 

c^(7) = Xi(7)=/5-a (5.3.1) 

for any j = a ■ jS E (pii^J-') which is a composition of two loops glued at time 1/2. Let 
/ijr G H^{A X A, A X A — JF) be the Thom class of the normal bundle up- Then a*{fijr) = 
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{—l)"'fj,jr. Since Xr : A ^ A is homotopic to the identity we have: 

= (-ir^0,(/i^na,(ax6)) 
= n (a X b)) 

= (_iy.(_l)n£,0^(^^n(ax6)) 

= (-l)^^(-l)"(-l)"("-^')a*6 □ 

5.4. Proposition. If M is oriented let G = Z otherwise let G = Z/(2). Let a,P E H^{A; G) 
he homology classes supported on closed sets E,F G A respectively. Then a* (3 is supported 
on the closed set E * F = (j)min{E x m F). In particular, 

cr(a*/3) < cr(a) +cr(/5). (5.4.1) 

For any a, b with < a,b < oo the Chas-Sullivan product extends to a family of products, 

Hi{A^^; G) X Hj{A^'; G) ^ if,+,■_„(A^°+^ G) 

and for any < a' < a < oo and < b' < b < oo to products 

Hi{A^\ A-'^'; G) X Hj{A^\ A^^'; G) Hi+j_n{A^''+\ A<max(a+b',a'+f,). ^5 4 2) 

HiiA^", A<^; G) X HjiA^'', A<^ G) i^,+J^„(A^'*+^ A<'^+''; G). (5.4.3) 

These products are compatible under the mappings induced by inclusion. If the set cr C M 
of critical values is discrete then we obtain a ring structure on the level homology 

© if*(A^^A<";/2). (5.4.4) 

agcr 

Proof. First we construct, for any open sets A' G A G A and B' G B G A a product 

Hi{A, A'; G) X Hj{B, B'; G) H,+j_n{A * B, A * B' U A' * B) (5.4.5) 
on singular homology, as shown in Figure 15.21 



In this diagram, x denotes the homology cross product, e = (—!)"■(" -J), and the Thom 
isomorphism r of Proposition IB. 21 is applied to the triple 

{A - A') Xm {B - B') G a Xm B G Ax B. 

The hypotheses of Proposition IB. 21 are satisfied because A x i? is a Hilbert manifold, so 
Axm B has a normal bundle and tubular neighborhood in Ax B, and because the subspace 
{A - A') Xm (B - B') is closed in A Xm B. 
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H,{A,J^)xHj{B,B') 



ex 



Hi+j{A X B,A' X BU Ax B') 



Hi+j{A X B,Ax B - {A- A') X {B - B')) 



Hi+j{A xB,AxB-{A-A') xm {B - B')) 
Thom isomorphism ^B.2I 



Hi+j.n{A xmB,AxmB-{A- a') xm{B- B')) 



Hi+j^n{A * B,A' * BU A* B') 



(^min)* 



Hi+j^niA Xm B,A' Xm BuAx m B') 



Figure 1. Relative Chas-Sullivan Product 
It is easy to see that this product is compatible with the product in §5.21 in the sense that 

the following diagram commutes: 



Hi{X) X H,{A) — Hi{A) X H,{B) 



Hi{A,A') X Hj{B,B') 



i+j—n 



(A) 



H,+j-n{A * B) Hi+j-n{A *B,A *BUA*B'). 



Now the other products may be obtained by a limiting procedure using Lemma IA.5[ The 
statement about the support of a * P follows by taking a sequence of open neighborhoods 
An I E and Bn I F. To construct the product (15.4.31) for example, start with 

where 6 > e. Taking the (inverse) limit as e J, gives a pairing 

iy,(A^",A<"-^) X Hj{A^\A<^-^) i^,+J•_„(A^'^+^A<'^^"("'+^~^''^+'''-'')). 

Taking the direct limit as 5 | (and recalling from §A.2I that homology commutes with 
direct limits) gives the pairing (I5.4.3p . The other products are similarly constructed. (The 
Chas-Sullivan product can even be constructed this way, cf. |Cht] .) This completes the 
proof of Proposition 15.41 □ 

5.5. If a = [A, OA] and /3 = [B, dB] are the fundamental classes of manifolds {A, dA) C 
(A-", A-" ) and {B,dB) C (A-^, A-^ ) which are transverse over M, then the C-S product 
[a] * 1(3] is represented by the fundamental class of the manifold 

0min(^ Xm B,AxMdBUdAx M B) = {A* B, d{A * B)). 
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For equations flll.5.21) and (112.5.21) we will need a similar fact about homology classes a, j3 
which are supported on (A, dA) and (5, dB) but which are not necessarily the fundamental 
classes. The following proposition is more or less the original definition of the product * 
from ICSI: 



5.6. Proposition. Let {A, OA) and {B, dB) be smooth manifolds with boundary. Let {A, dA) - 
(A*-", ) and {B,dB) — (A"^^, A^'^ ) be smooth embeddings, where a' < a and /?' < p. 
Assume the mappings evg : A M and evo : B —>■ M are transverse. If M is oriented, then 
assume A,B are orientable and oriented. Let a G Hi{A,dA) and (3 G Hi{B,dB). Denote 
their images in the homology of A by [a] G ifi(A<", A<"') and G Hj{A<\A<^'). Define 

a*(3e Hi+j.n{A XmB,A Xm dB UdAxMB) = Hi+j^n{A Xm B,Axm B - A' Xm B') 

to be the image of {a,f3) under the following composition. 

Hi{A, dA) X Hj{B, dB) — Hi+j{A x B, A x B - A' x B') 

(5.6.1) 

Hi+j_n{A XmB,A Xm B-A' Xm B') Hi+,{A xB,AxB-A' Xm B') 

Then [a] * = (0^i,),(a * (3) G /7,+,■„„(A<'^+^ A--('^+''>'+^)). 

Proof. The transversality assumption is equivalent to the statement that the mapping 

(evo, evo) : Ax B ^ M x M 

is transverse to the diagonal A. By jCh t] Prop. 2.2.3 or |B0] Prop. 1.17, the intersec- 
tion A Xm B = A X B n has a tubular neighborhood in A x B (with normal bundle 
z/jc-|(y4 Xm B). As in the proof of Proposition 15.41 this makes it possible to apply the Thom 
isomorphism flB.2l) . Then the diagram (15.6.11) maps, term by term, to the diagram in the 
proof of Proposition 15.41 where the relative C-S product is defined. The Proposition amounts 
to the statement that these mappings commute, which they obviously do. □ 



6. Index growth 

Continue with the notation M, A, F, S of ^ 

6.1. Proposition. Let 7 6e a closed geodesic with index A and nullity v. Let Xm and Vm 

denote the index and nullity of the m-fold iterate 7™. Then z/m < 2(n — 1) for all m and 

\\m - m\\ < {m - l){n - I) (6.1.1) 

|A„^ + Um-m{\ + u)\<{m- l){n - 1). (6.1.2) 
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The average index 

Xav = lim — 

exists and 

\X — Xav\ n — 1 and \\ + u — \av\ < n — 1. (6.1.3) 

Now assume 7 and 7^ are nondegenerate critical points, i.e. they lie on isolated nondegen- 
erate critical orbits. Then the inequalities in l{6.1.3\) are strict, and if m is sufficiently large 
then the inequality Ii6.1.1\) is also strict. Moreover if we let 

A-i" = mAi-(m-l)(n-l); 
A-- = mAi + (m-l)(n-l) 

be the greatest and smallest possible values for A^ that are compatible with l{6.1.1\) then 

A„ > A^"' =^ Xj > Xf"' for all j > m; (6.1.4) 
A„ < X^'"'' =^ Xj < Af^" for all j > m. (6.1.5) 

Much of this is standard and is well-known to experts, (see the references at the beginning 
of Appendix O) but for completeness we include a proof based on the following well-known 
facts: 

6.2. Weil-Known Facts. Let M be an n dimensional Riemannian manifold. Let 7 be a 
closed geodesic. The Poincare map P (linearization of the geodesic flow at a periodic point) 
is in Sp{2{n — 1), M) and is defined up to conjugation. The index formula of Bott is 

A^ = index (7™) = n^(cu). (6.2.1) 

where the cu- index VL-^ is an integer valued function defined on the unit circle with Q,^i{uj) = 
Qj{uj). The function fl^ is constant except at the eigenvalues of P. Its jump at each 
eigenvalue is determined by the splitting numbers Sp{uj)eL : 

lim Vt^{ue^'') = n^{uj) + S${uj). (6.2.2) 

which depend only upon the conjugacy class of P. The nullity satisfies 

z/^ = nullity (7"^) = 5^ Arp(cu) (6.2.3) 

a;™=l 

where Mp{uj) := dimker(P — ujl). The numbers S'^{uj) and J\fp{uj) are additive on inde- 
composable symplectic blocks, and on each block 

5±(cu)e{0,l}; (6.2.4) 
Np{u) - S${u)e{id,l} (6.2.5) 
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6.3. Proof of Proposition 16.11 Assuming the above facts (16.2.1116.231) . the index-plus- 
nulhty satisfies 

+ = index-plus-nullity (7™) = T^(co'); (6.3.1) 
lim r^iue^'') = r.,{uj) - T^{uj); (6.3.2) 

e— >0+ 

where 

r^{uj) := n^{uj) + Afpiuj); 
T^{u) ■.= Up{uj)-S^{uo). 

Thus Tpiuj) is additive and takes values in {0, 1} on each indecomposable block, and — (Am + 
Vm) and — have the same formal properties (16.2.1116^2^ as Am and Q,^. Thus a proof of 
the statements about using only these three properties will also serve as a proof of the 
statements about Am + t'm- 

As a consequence of equations (16.2.1116.2"^ we have: 

\n^{uj) - n.i{T)\ < n - I for all u,t. (6.3.3) 

Moreover if | Q,^ {u) — Q,^ (r) | = n — 1 , with Re a; < Re r , then all the eigenvalues of P lie in the 
unit circle, with real part in [Re a; , Re r]. (To see this, note that each indecomposable block 
has dimension at least 2.) Equation (I6.1.ip and the first half of (16.1.31) follow. Moreover, 

Xav = ^ I n^{e'')dt (6.3.4) 

Jo 

Equality in 16.1.11 implies that Am = ^m^^ = A™"- Equality in the first half of 16.1.31 

together with (16.3.31) and (16.3.41) implies that |f2^(c(j) — \ = n — 1 almost everywhere on 

the circle, that 1 is the only eigenvalue of P, and thus that Am = A™^"" for all m or Am = A™" 
for all m. 

If 7 and 7^ are nondegenerate, then neither —1 nor 1 is an eigenvalue of P. Suppose 
that A2 = A^'^^ = 2Ai + n - 1. Then (using the Bott formula) ^^^(0) = Ai and ^^^(-l) = 
Ai -|- n — 1. It follows that all the eigenvalues of P lie on the unit circle. Furthermore 

Afc = Ar" = Ai + (A;-l)(n-l) 

if and only if all the k*^^ roots of unity except for 1 lie to the left of all the eigenvalues of 
P on the unit circle. The statements about strict inequality and equations (16.1.41) . (I6.1.5P 
follow. This concludes the proof of Proposition 16.11 □ 
The following lemma will be used in the proof of Theorem 111.31 

6.4. Lemma. Fix a basepoint Xq E M and let n = = evg ^(xq) be the Hilbert manifold 
of loops that are based at xq. Let 'y E Q be a closed geodesic, all of whose iterates are 
nondegenerate. Let A^ be the Morse index of the iterate Y- 
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(i) Suppose the index growth is maximal for r = n, that is, A„ = nXi + [n — 1)^. Then the 
index for 7 in the based loop space is equal to the index Ai for 7 in the free loop space, 
(a) Suppose the index growth is minimal for r = n, that is, A„ = nXi — {n — 1)^. Then the 
difference between Ai and is maximal, that is, Ai = A^^ + n — 1. 

Proof. Let T^q-^M be the subspace that is orthogonal to the tangent vector 7'(0). Let T^A 
(resp. T^f2) be the subspace of vector fields V(t) along 7 with V(t) ± 'j'it) for all t. By 
a standard argument, for all r > 1, A^ (resp. A^) is the dimension of a maximal negative 
subspace of T^A (resp. of T^(fi)). Let Wr C T^A be a maximal negative subspace. Let 
Kr be the kernel of the map 

Wr A T^li.^M X T^%)M X ... X t4)M 

The dimension of the image of this map is < r{n — 1) so dim(i^,.) > A^ — r{n — 1). On the 
other hand, the kernel of (p on T^A is the direct sum of r copies of T^fi in a way that is 
compatible with the Hessian of F, so the index of F on this kernel is rX^. Thus, for all r > 1 
we have, 

rX^ >dim{Kr) > Xr-r{n-l). (6.4.1) 

Now consider Part (i). Clearly A^ < Ai so we need to verify the opposite inequality. But 
taking r = n and A„ = nAi + (n — 1)^ in (16.4.11) gives Af > Ai — as claimed. 

Now consider Part (ii). Taking r = 1 in (16.4.11) gives A^ > Ai — (n — 1). However it is also 
clear that A„ > A^ > nX^ (because we can concatenate n negative vector fields along 7 to 
obtain a negative vector field along 7"). Taking A„ = nXi — {n — 1)^ gives 

Ai-^ ^ = Ai- n-1 + >AP. □ 
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7. Level nilpotence 

7.1. Let i? be a commutative ring with unit, let a G M, and let /? G ifi(A-", A<"; R). We 
way that (3 is level nilpotent if there exists m such that the Chas-Sullivan product in level 
homology vanishes: 

= = /3 */?*...*/? G ^^,+(^_i)„(A^'"", k<^'^- R). 

Let a G Hi{A]R). We say that a is level nilpotent if there exists m such that cr{a*"^) < 
mcr{a). 

7.2. Lemma. Let a G Hi{A;R), a 7^ 0, and let a = cr(a). Let [3 G Hii^A-", A^"; R) be an 
associated class. (A non-zero such class f3 exists when a is a nondegenerate critical value in 
the sense of Bott, cf. Lemma 4-2 ) If {3 is level nilpotent then a is also level nilpotent. 
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Proof. Let uj G iJj(A-";i?) be a class which associates a and (3. Then u;*'^ G Hfy{A-"^°-] R) 
associates a*™ and where b = mi + {m — l)n. But Z?*™' = if m is sufficiently large, 
which implies by Lemma [4.21 that cr(a*'") < ma. □ 

7.3. Theorem. Let F : A ^ W as above. If M is orientable let G = Z, otherwise let 
G = Z/(2). Suppose all the critical orbits of F are isolated and nondegenerate. Then every 
homology class a G ifj(A;G) is level nilpotent, and for every a G M, every level homology 
class (3 G ifj(A-", A"^"; G) is level nilpotent. 

Proof. By Lemma [7.21 it suffices to prove that (3 G ifj(A-", A^"^; G) is level nilpotent, where 
a G M is a nondegenerate critical value. We suppress mention of the coefficient ring G. The 
critical set Tr"" = fl F^^(a) consists of the orbits of finitely many closed geodesies, 
say, 7i, ■ ■ ■ , 7r. Let 7 denote the orbit of 7. For 1 < j < r let Uj C A be a neighborhood 
of jj, chosen so that Uj DUk = (p whenever j ^ k. We may choose the ordering so that there 
exists s < r such that Hi{A-'' (1 f/j-,A<" n Uj) 7^ if and only if 1 < j < s. The 7^ with 
1 ^ J ^ -5 are the critical points that are relevant to (3, and Theorem IC.2I implies that the 
index of 7^ (1 < j < s) is either i or i — 1. 

Set Eq" = Wj^i^j. Using Proposition IA.6| the level homology group is a direct sum 

HiiA^", A^") = ®]=iHi{A^'' n Uj, A<'* n Uj) 
Since these factors vanish for j > s we have canonical isomorphisms 

i^,(A^^ A<'^) ^ ©^^=i/7,(f/<'^ U 7„ f//'^) 
= i^i(A<"US=^A<") 

using excision and homotopy equivalences. By comparing the long exact sequence for the 
pair (A-",A^'^) with the long exact sequence for the pair (A^" U S5'",A^'^) and using the 
five lemma, we conclude that the inclusion induces an isomorphism 

ifi(A<'^ U S='') = HiiA^"). 

Therefore f3 is supported on A^" U S^"" so for any m > 1, jS*"^ is supported on 

(A<'^ U S='')*'" C A<'"'^ U (S='*)*™. 

The only critical points in (S^"")*™ are the m-fold iterates of the geodesies in 7^- (with 
1 ^ J < s). Thus, using an arbitrarily brief flow along the trajectories of — VF we obtain 
an isomorphism 

if6(A<™" U (S=")*'", A<'"'^) = © if6(f/<r" U f/fr") 3 P*" (7.3.1) 

j=l 

where the Uj^m are disjoint neighborhoods of the 7™ containing no other critical points, and 
where 

b = mi — (m — l){n — 1). 
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(There may be other critical points at level ma, but the support of jS*"^ does not contain 
such points.) 

We will now show that each of the summands on the right hand side of equation (17.3. ip 
vanishes if m is sufficiently large. Fix j with 1 < j < s and let Am denote the index of 
7™. According to Theorem IC.21 Ai G {i — . If the j-th summand in (17.3.11) is not zero 
then Am G {6—1,6}. But this contradicts the strict inequality in (I6.1.ip . which holds if m 
is sufficiently large. □ 



8. Cohomology products 

8.1. Throughout this section we take cohomology with coefficients in the integers Z if M 
is orientable (in which case we assume an orientation has been chosen); otherwise in Z/ (2). 
To simplify the notation, we suppress further mention of these coefficients. It is possible to 
define a product in cohomology, exactly along the same lines as the Chas-Sullivan product 
in §5.2[ as the composition 

H\A) X H^{A) H'+^{A X A) ^ H'+^{J^) ^ i7^+^+"(A, A - 0i (J^)) ^ i7*+^+"(A) 

(with 01 : JF ^ A as in §2.31) using the Thom isomorphism for the normal bundle of the 
figure eight space 4>i{T) C A. However we will show below that this product is zero when 
i,i > n. Instead, we will construct a cohomology product, 

H\A,Ao) X i7-'(A,Ao) ^ /7^+^+"-i(A, Aq) (8.1.1) 
using the following mapping 

J : A X [0, 1] ^ A given by J{a, s) = a o Oi^g- 

Here, 9 = 9i^^ : [0,1] [0,1] is the reparametrization function that is linear on [0, |], 

linear on [i, 1], has ^(0) = 0, ^(1) = 1, and e{^) = s, see Figure EH] and M 

Let jF>°'>° = (A — Aq) Xjvf (A — Aq) denote the set of composable pairs (a,/5) such that 
F{a) > and F{i3) > 0. The relative Thom isomorphism flB.2.ip for cohomology gives 

if"'(^,^-^>°'>°) = /7™+"(A,A-0i(^>°'>°). 

The cohomology product is then the composition down the left hand column of Figure O 
Here, u = (-l)-'("-i), / = [0, 1], = A Xa/ Aq and J^°'* = Aq x a/ A. The mapping r is the 
Thom isomorphism given by the cup product with the Thom class /ijF of the normal bundle 
of in A, and k is given by the Kiinneth theorem. It uses the fact that J(Ao x [0, 1]) 
and J(A x {0, 1}) are disjoint from 0i (JF>°'>°). 
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Figure 2. Graph of 9i_ 



i/^(A,Ao)xi7-'(A,Ao) 

H'+^{A X A,A X Ao U Ao X A) 



H'\A) X WiA) 



ujx 



H'+\A X A) 



t| (IK211) 

(a,A-<?!>i(J^>°'>°)) 



{T) 

r| (lBX3l) 

(a,A-0i(J^)) 



(A X /, A X a/ U Ao X /) ^ i7''+J'+"(A x /) i?''+^'+"(A) 



£f«+j+«-i(A,Ao) 

Figure 3. Definition of ® 
Denote the cohomology product of two classes a, P E if* (A, Aq) hj a® P- The construction 
may be summarized as passing from the left to the right in the following diagram. 



A X A " A A X / 



In Figure [HI the first horizontal mapping is an isomorphism if i,j>n since Aq = M has 
dimension n. The mapping rj is part of the long exact sequence for the pair (A, Aq) x (J, dl) 
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so it is zero. It follows that the cohomology product defined in §8.H which is the composition 
down the right hand column, vanishes if i,j > n. 

8.2. Remarks. Although the finite dimensional approximation A^tv of Morse plays only a 
minor role in this paper, the cohomology product was first discovered as a product defined 
on the level cohomology of the subspace An C A^at, consisting of loops in A^tv for which 
the N pieces all have the same length, as follows. Using Poincare duality, = 
H^^A^^A^""). Then apply the (homology) Chas-SuUivan product, followed by Poincare 
duality again. Although the space An is a smooth retraction of at in a neighborhood 
of the critical set, it has singularities and (what is worse), spurious critical points, so it is 
preferable to work with M.n- When the construction is translated to Ai at it becomes the 
Chas-Sullivan product on Poincare duals, followed by multiplication by a one parameter 
family of reparametrizations (the mapping J). This "level product" on A^tv then extends 
to a product on H*{A4n, -^^°) that is independent of A^, and hence it extends to a product 
on H*{A,Ao). 

8.3. Proposition. The cohomology product ® is associative. If x & if*(A, Aq) and y e 
H^{A,Ao) then 

y®x= (-l)(*+"-i)0'+"-i)x ® y. (8.3.1) 

Proof. First we prove that the product ® is commutative. As in §5.31 letaiAxA^AxA 
switch the two factors and let Xr ^ A ^ A be the action oi r & given by Xril) = 1 ° Xr 
where Xr{t) = t + t (mod 1). Then 

xi-soe._^, = e._^^,_^^ox._ (8.3.2) 

(which may be seen from a direct calculation). For < r < 1 define : A x J A by 

Then J, ((A x dl) U (Aq x J)) c A - 0i(J^>°'>°) because when s = or s = 1 the loop 

Jripi^s) stays fixed on either [0, |] or Therefore the mapping J* in Figure [3] may be 

replaced by J* for any r G [0, 1]. However, Jq = J and 

^1(7, s) = 7 o xi-s o ^1^, = 70 ° Xi 

= xi{J{iA-s)). 

This means that Ji reverses the s G / coordinate and it switches the front and back half of 
any figure eight loop 7 G JF, cf. equation 05.3.11) . Consequently, if i : JF — > A x A denotes 
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the inclusion, we have: 

(-ir("-i)y®a; = Kj*(/i^Uz*(yxx)) 

-iy^/€j*(/i^U«V*(xxt/)) 
;-ir^(-irKJoV*(/i^Uz*(a;xy)) 

giving equation (18.3. ip . The proof of associativity can be found in Appendix [El 



□ 



8.4. Based loop space and Pontrjagin product. Fix a base point xq € M and let 
VL = = evQ^^(xo) be the (based) loop space. It is a Hilbert submanifold of codimension 



n 



dim(M) in A with a trivial normal bundle. The Pontrjagin product 



(speed up by a factor of 2 and concatenate at time 1/2) is an embedding. Denote its 
image (which is the "based loops" analog of the figure eight space) by J-'q = fl • fl. It is a. 
Hilbert submanifold of fl, with trivial n-dimensional normal bundle. We obtain a fiber (or 
"Cartesian") square, 

h X h 
^Ix Q <- A Xm a 



h 



A. 



It follows that the Pontrjagin product (which is not necessarily commutative) and the Chas- 
Sullivan product are related ( |CSj Prop. 3.4) by 

h\a*b) = h-{a)»h-{b) (8.4.1) 

for all a, 6 G if* (A), where h' : if* (A) //*_„(!]) denotes the Gysin homomorphism (]B.2.4p . 

A similar construction holds in cohomology. We use the same letter J to denote its 
restriction, J : Q x I ^ Q with / = [0, 1]. 

8.5. Proposition. Replacing (A, Aq) by {Q,xo) in Figure\^ gives a product 

H\Q,xo) X W{Q,xo) ^ H'+'+''-\Q,xo) 



such that 



h*{a®b) = h*{a)®h*{b) 
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for any a G if*(A, Aq) and b G if''(A, Aq). This product is often nontrivial. Suppose X,Y G 
Q are smooth compact oriented submanifolds of dimension i,j respectively, and suppose 
Z G Q is an oriented compact submanifold of dimension i + j + n — l such that the mapping 
J : Z X I ^ Q is transverse to = f2 • f2 and such that 



Then 



(a®6,Z) = (a,[X])-(6, [F]) 
for any a G W{VL,Xq) and b G H^{Q,Xq). 



Proof. The nontriviality of the product will be taken up in §13.91 The following diagram is 
a fiber (or "Cartesian") square so the Thorn class of X • F in Z x / is J*{fijr): 



Z X [0, 1] 



J 



J 



A 



(X.F) X {1} ^ 

and the following diagram commutes. 



i7^(A,Ao)xi/^(A,Ao) 



X Y) 



W+^{Tn,^ X U xo X r2) ^ W+'\K x A, A x Ao U Aq x A) 



(iBTSll 



(|BT5l) 



J* 



J* 



H'+^+"{Z xI,ZxdI) ^ — X /, d{VL x I)) ■> H'+^+"{A x I, d{A x I)) 



^»+j+«-i(A,Ao) 



Here, d{n x J) = xq x / U f2 x 9/ and d{A x /) = Aq x / U A x 9/. 



□ 
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8.6. Proposition. Let < a' < a < oo and < b' < b < oo. Then the cohomology product 
induces a family of compatible products 

W (^A<", A<"') X W {a<\ A<^') ^ (x<'^^ A<^' j (8.6.1) 

H' (A^", A<") X ffi (A^^ A<'') ^ H'+i+r^-^ (A^"+^ A<'^+^) . (8.6.3) 

where c = min(a + b', a' + b) and d = a' + b'. It is compatible with the homomorphisms 
induced by inclusions A*^^ —>■ A^-^ whenever e < f. 

The construction of the product (18.6.11) will be taken up in the next few sections. The 
existence of (I8.6.2p and (I8.6.3P follows from (18.6. ip and Appendix IA.3I 

8.7. For technical reasons it is easiest to construct this product using the space A of loops 

PPAL, rather than A. This choice allows us to work with the mapping 61, which is an 

2 

embedding, rather than more awkward mapping 0min- It also allows us to keep track of 
the effect of the function J on the energy; see (18.9.31) . Recall ( §2.ip if a G ^ is a loop 
parametrized proportionally to arclength then F[a) = ^ E[a) = L{a) is its length. Let 
J-'_A^ = A Xm Ahe the associated figure eight space consisting of pairs of composable loops, 
each parametrized proportionally to arclength. Let Ai be the set of loops a G A such that 
a|[0, 1/2] is PPAL and a|[l/2, 1] is PPAL. Similarly let 

J^^'''^^ = {{a,f3) e Axm A: L{a)<u and L{(3)<v.} 
Ap'^^ = |a G ^1 : L{a\[0, 1/2]) < u and L(a|[l/2, 1] < y.j 

and similarly for Aj^'~^, etc. Then the mapping 0i restricts to a closed embedding 

2 2 

01 : J-<"'<" ^ ^f"'<^ (8.7.1) 

2 2 

8.8. Lemma. The orientation of M induces a Thom isomorphism 

Hi^jr<u,<v^ ^ H'+^{AT'^\ - 01 (.F<"'<")) (8.8.1) 

22 2 

for the image, (j^^i^X^'^^)- If Z C JF^"'^"" is a closed subset then this restricts to a relative 
Thom isomorphism, 

H\jr<^^<\ jr<«.<- -z)^ /f'+"(^f AT'^"" - Z). (8.8.2) 

2 2 

Proof. The space 0i(jF^"'^'') may be described as the pre-image of the diagonal under the 
mapping 

(evo,evi) : ^<"'<" ^ M x M. 
2 2 
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If Ai were a Hilbert manifold, this would imply the existence of a normal bundle and 
tubular neighborhood for 0i (jFl'"'^'') in Af^'^^. Unfortunately Ai is probably not a Hilbert 

2 2 2 

manifold, and even though it may be a Banach manifold, we do not know of any standard 
reference for the existence of tubular neighborhoods which can be applied in this setting. 
However we have the following commutative diagram, where the vertical maps are homotopy 
equivalences, cf. Proposition 12.21 



<u,<v\ 



Q 



Q 



<u,<v 



M X M 



^1 



<u,<v 



Here, Af"'^'' denotes the set of all a G A such that E{ai) < v? and E{a2) < where 

ai(t) = a{2t) (0 < t < 1/2) and a2(t) = a(2t - 1) (1/2 < t < 1). (In other words, if 
a|[0, 1/2] and q;|[1/2, 1] are both expanded into paths defined on [0, 1] then their respective 
energies are bounded by and f ^.) Since A is a Hilbert manifold the same holds for A^"'^^ 

2 

hence 0i (JF<'"'<'") has a tubular neighborhood and normal bundle in A^"'^^ and we have a 
Thom isomorphism 



<u,<v\ 



The vertical homotopy equivalence in this diagram assigns to any a G A^"'^^ the same curve 

2 

but with a|[0, 1/2] reparametrized proportionally to arclength and with a|[l/2, 1] similarly 
reparametrized. It restricts to a homotopy equivalences 0i (JF<'"'<'") — *• 



_^"''^^) and also 



because the points a(0),a(l/2) are fixed. The Thom isomorphism fl8.8.ip follows. The 
relative Thom isomorphism fl8.8.2p follows as in Proposition IB.2I □ 

8.9. Let / = [0, 1] denote the unit interval. The mapping J : A x / ^ A restricts to 
a mapping J4 : ^ x / ^ Ai which factors through the quotient A x I/{Aq x /) that is 
obtained from ^ x / by identifying ^0 x to a point. The resulting mapping 

A X //(A X /) ^ ^1 

is a homeomorphism, and in fact the inverse mapping can be described as follows. Let 
a G Ai — Aq. Let Lq denote the length of the segment a|[0, |] (which is PPAL) and let Li 

denote the length of the segment 1]. Set s = Lo/{Lq + Li). Assume for the moment 
that < s < 1. Let O^^i = (6'i^J-^ be the inverse function to 61^^', it is linear on [0, s], 
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linear on [s, 1], and takes the values 9^^i(0) = 0, 6'^_^i (s) = |, 9^^i(l) = 1. Then a o 6'^_ 
is PPAL throughout the interval [0, 1] so we may set 



2 



J/ia) = (ao^^_^i,s). 

If s = (resp. s = 1) then this formula still makes sense because in this case, the loop a 
will be constant on [0, |] (resp. on If ao;Cn ^ are composable loops, not both 

constant, then the composed loop 0i(a;o,ai) G Ai and 

J_^^(0i(ao,«i)) = (0s(ao,«i),s) = (0min(ao, s) (8.9.1) 

where s = L{ao)/ {L{ao) + L{ai)) is the unique energy minimizing value, cf. Lemma [231 
It follows that if A, B C A then the mapping : A x [0, 1] Ai takes 

{A- A* B) X [OA] into Ai ~ (pi{A Xm B). (8.9.2) 

For J{Ao X [0, 1]) = ^0 which is contained in the right hand side, so it suffices to check that 
J{A*B X [0, 1]) D 01 (A Xm B), which follows from (ISXTi) . 
Similarly the mapping J4 satisfies 

J^(a,s)G^r''^")'=^'-^)''^"^ (8.9.3) 
2 

which means the following: if we express Ja{c(, s) = 0i (/9i, P2) as a composition of two (not 
necessarily closed) paths Pi, P2, each PPAL, and joined at time 1/2, then L{Pi) = sL{a) 
and L(/32) = (1 - s)L(a). 

8.10. Define 

'-p<a,<b j—1 ^^^<a,<b 

= {{a, s) e Ax I : sL{a) < a and (1 — s)L{a) < b} 



j^[a',a),[b',b) ^ j-l ^^[a',a),[b',fe)' 

= |(a, s) G ^1 X / : a' < sL{a) < a, and &' < (1 - s)L{a) < fcj 



Figure [8.101 consists of three diagrams of L = y E versus s G [0,1] illustrating the curves 
sL = a and (1 — s)L = b that occur in the definition of T^"'^*. These curves intersect at the 
point with coordinates s = a/{a + b) and L = a + b. The diagrams on the right illustrate 
the corresponding regions for T^"-''°'^'^''''''\ (The interval I' is defined in the next paragraph, 

gHUl) 
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a+b 






Figu re 4. The regions T<'''<^ and Tt'^^^'l^''*) 
8.11. The product (18.6. ip is constructed in several steps. First, use the cross product, 

then restrict to 



i+j ( ^<a,<b ^<a,<b 



A 



a',a)\b',b) 



A 



)• 



Using the embedding (18.7.11) and the Thorn isomorphism we arrive at 



~<a,<b\ 
A ) 



a',a),[b',b). 



■[a',a),[b',b)^ 
A 



) ■ 



^.11.11 



V 2 2 2 

Pulhng back under J4 gives a class in 

j^i+j+n ^^rj-\<Ca,<b rp<Ca,<b rp[a' ,a) ,[b' ,b) 

Let /' denote the interval ^1 . Then A<^ x /' c r<'*'<^ and 

(^<^ X dl') U (^<^' X /') C T<'^-<^ - t['^'''^)'[^''*) 

where c = min(a + b', a' + 6) and c' = a' + b'. In other words, the mapping J4 restricts to a 
map of pairs, 

: (^<^^<^') X (/',9J') ^ (01 (jT'^') 

Therefore the class in (I8.11.ip pulls back to a class in 

as claimed. This completes the proof of Proposition 18.61 □ 
Taking a,b = 00 and a', b' = gives an equivalent construction of the cohomology product 
® using the space A rather than A. This will also be important in the next section. 
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•[a',a),[b',b) 
A 



U1.2) 



9. Support and critical levels 

9.1. As in the previous sections, we take cohomology with coefficients in G = Z if M 
is orientable, or G = Z/(2) otherwise, but we suppress mention of G in our notation for 
cohomology. Proposition 18.61 gives: 

9.2. Proposition. Ifa,Pe H*{A, Aq) then cr(a ® P) > cr(a) + cr(/3). □ 

As in §2. II and §8.71 let A be the set of loops parametrized proportionally to arclength, let 
^0 = Aq be the constant loops and let Ai C A be the collection of those loops which are 
PPAL on [0, 1/2] and are PPAL on [1/2, 1]. We have continuous mappings 

J4 : ^ X [0, 11 ^ ^ 1 , 61 : A Xm A ^ Ai, and 0mm : A Xm A ^ A C Ai. 

22 2 2 

9.3. Proposition. Suppose a G H^{A,Ao) is supported on a closed set A C A — Ao- Suppose 
P e H^{A,Ao) is supported on a closed set B G A — Ao- Then a ® P is supported on the 
closed set A * B = 0mm(^ B) C ^ — ^o- 

Proof. Using (I8.9.2P we obtain a cohomology product 

H%A, A-A)x H^{A, A-B)^ H'+^+"-\A, A-A*B) 

as the composition 

H'+^{A X A,Ax A- Ax B) H'+^{J^^, J^j^-AxmB) 

fl8X2D 

Hi+i+^{^^A,A- A*B) X {I,dI))i^H'+^+''{Ai,Ai-(pi_{A Xm B)) 
where / = [0, 1]. □ 

9.4. We remark that the analogous statement for the cup product in cohomology says that 
a P is supported on the intersection AD B. In particular, for any < a' < a < 00 and 
< b' < b < 00 the cup product gives mappings (with coefficients in Z), 

i7*(A-" A-"') X H^(A-^ A-^') — > if (A-™™^"'''^ ^<max{a',6')^ 

9.5. On a question of Eliashberg. In a lecture at Princeton University in June 2007, Y. 
Eliashberg asked the following question. Let M be a smooth compact Riemannian manifold 
and let A be its free loop space. Given < t G M let d{t) be the maximal degree of an 
essential homology class at level t, that is, 

d{t) = max {k : Image {Hk{A-\ Q) ^ i/fc(A; Q)) ^ O} . (9.5.1) 

Does there exist a constant C G M, independent of the metric, so that for all ti, t2 ^ the 
following holds: 

d{t, + t2) < d{ti) + d{t2) + C? 
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Inequalities in the opposite direction are known. If the cohomology ring (i/*(A, Aq; Q), ®) 
is finitely generated, then we are able to give an affirmative answer to this question. More- 
over, in ^ |T3] we show that the cohomology ring (with rational coefficients) is indeed finitely 
generated if M is orientable and admits a metric in which all geodesies are closed. (If the 
orientability condition is dropped then the cohomology ring with Z/(2) coefficients is finitely 
generated.) This includes the case of spheres and projective spaces. 

9.6. Theorem. Let M he a smooth Riemannian n-dimensional manifold. Fix a coefficient 
field G, and for t G M"^ define d{t) = d{t] G) by ^9.5. hut replacing the coefficients Q 
with the field G. Assume the cohomology ring (if*(A, Aq; G), ®) is finitely generated, with 
all generators having degree < g. Ifti,t2 G then 

d{ti + ta) < d{ti) + d{t2) + 2n + g-2. (9.6.1) 

Proof Let ti,t2, ts G and let di = d{ti] G) for i = 1, 2, 3. We will show: if 

4 > c/i + ^2 + 2n + ^ - 2 (9.6.2) 

then ^3 > ti + t2. From the definition (19.5. ip and since > = dim(Ao), there exist 
non-zero homology classes z' and z, with: 

ff,3(A^*%Ao) — //d3(A,Ao) 

z' >- z = i^{z') 

Let Z G H'^'^{A,Aq) be a cohomology class with non-zero Kronecker product, 

{Z,z)^0. (9.6.3) 

The class Z is a sum of products of generators of the ring (iJ*(A, Aq), ®) , and at least one 
term in this sum has a non-zero Kronecker product with z. Replacing Z by this term, it 
may be expressed product of generators, 

Z = Ui®U2®---®Ug (9.6.4) 

with each deg([/j) < g. 

We claim there exist X, F G H*{A, Aq) such that Z = X ®Y, with deg(X) > di + 1 and 
deg(F) > + 1. For, choose p so that 

deg(f/i ® f/2 ® ■ ■ ■ ® f/p_i) < di 

deg(f/i ® [/2 ® • ■ ■ ® t/p) > rfi + 1 

TakeX = Ui®- ■ ■®Up and F = t/p+i®- ■ ■®Ug. Then deg{Up) < g so deg(X) < di+g + n-1, 
while deg(X ® Y) = d^ > di + d2 + 2n + g - 2, so deg(F) > d2. 

Using this claim and (19.5.11) . and setting j = deg(X) and k = deg(F), there exists X 
which maps to X in the following exact sequence. 



X 



X 
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Similarly the class Y has some lift Y G H^{A, A^^^). Then X ®Y e H'^^{A, A*i+*2) maps to 
Z. But this implies that > ti + ^2- Otherwise, A-*^ C A-*i+*2 go in the following diagram, 

if'^3(A,A^*3) ^ H'^^{A,Ao) — i^'^^(A^*^ Ao) 



i7^^(A,A-*i+*2) H'^'{A,Ao) i^°'^(A^*^+*^Ao) 
X®Y Z 



we would have {Z,z) = {Z,i^:{z')) = {i*{Z),z') = which contradicts f l9.6.3p . □ 

10. Level nilpotence for cohomology 

10.1. We say that a class a G H\A, Aq) is level nilpotentii there exists m so that cr{a®™') > 
mcr(a). We say that a class (3 G i?*(A-",A^") is level nilpotent if there exists m so that 

in ^A— A<ma^ 

Let us say that two classes a G if*(A, Aq) and /3 G i5^*(A-'*, A<") are associated if there 
exists an associating class u G if*(A, A^*^) with 

a if^(A, A<'') /7i(A, Aq) 

in 

/3 ^i(A-",A<") 
Then cr(a) > a if and only if a is associated to the zero class /3 = G -ff*(A-", A*^"). 

10.2. Lemma. Suppose a G //*(A, Aq) anc? /9 G iy*(A-",A<") are associated, where a = 
cr{a). If (3 is level nilpotent, then a is also level-nilpotent. 

Proof. The proof is exactly parallel to that of Lemma 17.21 □ 

10.3. Theorem. Let M he a compact n dimensional Riemannian manifold and suppose 
that all critical points of the function F = \/E : A ^ M are nondegenerate (i.e. they lie on 
isolated nondegenerate critical orbits). If M is orientable let G = Z, otherwise let G = Z/ (2). 
Then every class a G H^{A,Aq]G) is level-nilpotent and every class (3 G -ff*(A-", A^"; G) is 
level nilpotent (for any z > and any a G M^). 

Proof. The proof is similar to that of Theorem 17. 3[ □ 

11. Level products in the nondegenerate case 

11.1. Throughout this section homology and cohomology will be taken with coefficients 
in G = Z. Let S C A be a nondegenerate critical orbit of index A and let f/ C A be a 
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sufficiently small neighborhood of a. Assume the negative bundle F ^ S is orientable. Then 
the (local, level) homology groups are 

i^,(A<"US,A<") = iJi(A^^nt/,A<^nf/) ^ if^ = A,A + l (11.1.1) 

I otherwise 

and the same holds for the cohomology groups H^{A-'^ fl U, A^^ fl U). 

11.2. Now suppose 7 G A is a prime geodesic, all of whose iterates are nondegenerate. Let 
a be its length. Let Y denote the r-fold iterate; its Morse index; and let S.^ C A be its 
S'^-saturation. Assume the negative bundle over is orientabl^, and let be 
generators for the local level (co)homology classes, that is, 

ar^Hx^, areHx^+^, Tr e TrEH^^+\ (11.2.1) 

As a consequence of the nilpotence results from ^ and ^ ITOl the index A^ can be neither 
minimal nor maximal for all r (in the language of Proposition 16.11) . and the local level 
homology and cohomology rings 

(ei/i(A<'^^US„A<'^'-;G),*) and (©i7'(A<'^" U S„ A<'^'-; G), ®) 

are not finitely generated. However, , if the index growth is minimal up to the n-th iterate 
(with Xr = A™™ for all r < n) then nontrivial (level) homology products exist, and if the 
index growth is maximal up to the 2n-th iterate (with A,- = A™'^^ for all r < 2n) then 
nontrivial (level) cohomology products exist, as described in the following theorem. 

11.3. Theorem. Assume the manifold M is orientable and the negative bundle F^ is ori- 
entable for all r. Assume r > 2. Then the following statements hold in the local level 
(co)homology group H^A^"^^ U S^, A^**"^; Z). 

(1) (aiy = and (ri)"' = 0. 

(2) Some further products are described in the following tables: 





(cti)*('^-1) *CJl 


{air- 




a,. 


Wr 


A, / A-"^ 









Figure 5. Homology level products 





(ri)®('-i)®Ti 


(ri)®^ 


\ \ max 

^rn — ^rn 


Tr 




\ -L \ max 









Figure 6. Cohomology level products 



"^If M is orientable and 7 is prime then Fi is orientable. This follows from the argument of §2.2, which 
is reproduced in the proof of Proposition 1 1 2 . 2l below. In addition, Ai and A2 have the same parity all 
the negative bundles are orientable <;=^ all the Ai have the same parity, cf. |Rl IWi| . 
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(3) If n — Xi is even then (ai)*^ = 0. 

(4) Ifn-Xi IS odd then (ji)®'' = 0. 

Proof. We begin with the parity statements (3) and (4). In general, if cr G Hk{h.]'L) and 
T G H^{K\ Z) then 2(T * o" = if n — A; is odd and 2r ® r = if n — A; is even. This follows 
from Propositions 15.31 and 18.31 and it implies the vanishing of (o^i)*^ and (ti)®'' {n — \i even, 
odd, respectively). 

Statement (1) follows from the fact that the homology class di is supported on a closed 
subset A C such that A fl Si consists of a single point. By Proposition 15.41 the product 
0"! * cTi is supported on the set A* A' where A' C A is a support set for cxi that intersects 
Si in a different point. Consequently A* A' C. A^^"^. Similarly, the cohomology class ri G 
H^{A^''+% A<") is supported on a closed set B C A-'' that intersects Si in a single point. The 
zeroes in the second row of each of the tables are also easily explained. The (level) homology 
classes (ai)*^ and have the same degree if and only if = A™™. The (level) cohomology 
classes (Ti)®^ and have the same degree iff A^ = A™''^. But all the A^ have the same parity, 
so if \r does not attain its maximum or minimum value (i.e. if A^ {A™™, A™'^^}) then 

A^" + 2 < A, < A^" - 2. 

In this case it follows from flll.l.ip that {ai)*^' = and (ti)®^ = 0. The other calculations 
are similar. The remaining statements in Theorem 111.31 will be proven in the next two 
sections. 



11.4. Case of maximal growth. In this section we assume Aj = Xf^^^ for i < rn. Choose 
= 7(0) for the base point of M. By Lemma [6.41 the index A,- equals the index A^ of Y 

the based loop space fl = flxo, and it coincides with the index of Y the spaces T^A and 

T^f2 of vector fields V{t) along Y such that V(t) ± Y{t) for t- 

Let Wi be a maximal negative subspace of T^fi (so dim(Wi) = Ai = A^). Let W*'' be 

the rAi-dimensional negative subspace of consisting of concatenations Vi • V2 • ■ ■ ■ • K- 

of vector fields Vi G Wi. Then W'^ is a maximal negative subspace of the kernel of 

u : T^M ^ T^^o)M X ■ ■ ■ X T^jM 
\/^(\/(i),---,n^)) 
Choose a maximal negative subspace Wr C T^Q containing W*^. Then 
dim(W^^) = A^ = A, = Ar" = rXi + (r - l)(n - 1). 

It follows that the restriction of u to Wr is surjective because its kernel has dimension rAi. 

Let Cr be the r-leafed clover consisting of loops G A such that 77(0) = ri{i/r) for i = 
0, 1, 2, ■ ■ ■ , r. The exponential map Tyr(A) A takes Wr to a relative cycle in (A-^*^, A-''""'^) 
which we also denote by Wr, whose (relative) homology class is [Wr] = <Jr (and [Wi] = (Ti). 
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The function J : Ax [0, 1] ^ A extends in an obvious way to a family of reparametrizations, 
J:W^,x [l-e,i + e] X [f-e,f + e] X---X [r^-e,^ + e] 
which is transvers^ to Cr and such that 

J (W^r X [i - e, i + e] . . . X - e, ^ + e] ) n a = 1^1 . W^i . . . . . 1^1 
(Pontrjagin product). By (a relative version of) Proposition 18.51 we conclude that 
(ri ® Ti ® . . . ® ri, (Tr) = (ri ® Ti ® . . . ® n, \Wr\) 

= {t,,[W,]) ■ {t,,[W,]) ■ . . . ■ {T,,[Wr]) = I. 

It follows that rf^ = ?>. The calculation for rf*''^ ® ri is similar. The same technique, by 
explicitly displaying cycles, may be used to prove Theorem 113.21 below. □ 

11.5. Case of minimal index growth. If (-DFr, ST^) denote the e-disk and sphere bundle 
of the negative bundle F,. then, for sufficiently small e > the exponential mapping 

exp : DTf — > A is a smooth embedding whose image 

(E;,5E;) = (exp(OT,),exp(5r,)) 

is a smoothly embedded submanifold with boundary in A that "hangs down" from the 
critical set E,.. Its dimension is A,. + 1 and its fundamental class is 

where i denotes the length of 7. 

Now assume that = A™™. By Lemma [6.41 this implies that the difference between Af 
and Ai is the maximum possible: Ai = A^ + n — 1. Let Wi C T^A be a maximal negative 
subspace. Then the mapping 

u:W,^ T^%^M, u{V) = V{0) (11.5.1) 

is surjective. Consequently 

evo : S]- ^ M 

is a submersion in a neighborhood of the closed geodesic 7. It follows that S~ and S]" are 
transverse over M (in some neighborhood of Y ^ind 7) and 

117 Xm — — ^ * Sj" 
is a smooth submanifold of A in a neighborhood of 

0min 



The restriction J\Wr is transverse to C,- in the directions normal to 7'(0) because iy\Wr is surjective. 
The intervals [^^, ^] take care of the tangential directions. 

34 



and it is contained in S^+i U A<('-+i)^. Now assume the index growth is minimal up to level 
r, that is, A,. = rAi — {r — l){n — 1), so that 

dim(S7 Xm S^) = dim(S7_^J. 

Then we may appljH Theorem IC.2I to the embeddings 

*Pmin 

to conclude that 

(In fact we even obtain a local diffeomorphism r : S^+i ^7 * between the negative 
submanifolds, by equation ( ]C.3.1I) .) Using Proposition 15.61 we conclude that 

and, by induction, that 

Wr+i = ar*a^= {ai)*' * Oi = (11.5.2) 

as claimed. The geometric calculation of the product ov * ai is similar. A similar procedure 
will be used to prove Theorem 112.41 below. □ 

11.6. The non-nilpotent case. The case of isolated closed geodesies with slowest possible 
index growth was studied in [Hi2] : fastest possible index growth was studied in [Hilj in a 
slightly different language because the * and ® products were not available at the time. 
The Chas-SuUivan homology product is modeled in the local geometry of an isolated closed 
geodesic with the slowest possible growth rate. The symmetry between the geometry in 
the case of slowest possible index growth (non-nilpotent level homology) and that of fastest 
possible index growth (non-nilpotent level cohomology) inspired the search for the cohomol- 
ogy product. We give statements here of two theorems on non-nilpotent products that are 
restatements of the "complementary theorem" (p. 3100 of |Hilj ) and the theorem (p. 3099 
of pT] ): 

11.7. Theorem. Let 7 be an isolated closed geodesic with non-nilpotent level homology. Let 
L = length{'~f). Then, for any e > 0, if m & Z is sufficiently large there is a closed geodesic 
with length in the open internval {mL,mL + e). It follows that M has infinitely many closed 
geodesies. 

11.8. Theorem. Let 7 be an isolated closed geodesic with non-nilpotent level cohomology. 
Let L = length{'-)). Then, for any e > 0, if m & X is sufficiently large there exists a closed 
geodesic with length in the open interval {mL — e,mL). It follows that M has infinitely many 
closed geodesies. 

^The condition on the eigenvalues of the second derivative (in the hypotheses of Theorem lC.2p is satisfied 
by the energy functional, as a consequence of Theorem 2.4.2 in [K]. 
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12. Homology product when all geodesies are closed 

12.1. In this section M denotes a compact n dimensional Riemannian manifold. The 
coefficient group G for homology is taken to be G = Z if M is orientable, and G = Z/(2) 
otherwise. Throughout this section we assume that all geodesies 7 are closed and simply 
periodic with the same prime length i, meaning that: 7(0) = 7(1), 7'(0) = 7'(1)? 7 is 
injective on (0, 1), and 1^(7) = £ if 7 is prime. 

For r > 1 denote by C A the critical set consisting of r-fold iterates of prime closed 
geodesies. There is a diffeomorphism SM = between the unit sphere bundle of M and S^, 
which assigns to each unit tangent vector v the r-fold iterate of the prime geodesic with initial 
condition v. It follows that the nullity of each geodesic is at least dim(Sr) — 1 = 2n — 2. Since 
this is the maximum nullity possible, we see that the nullity z/^ of every closed geodesic is 
2n — 2. In particular, each is a nondegenerate critical submanifold (in the sense of Bott), 
with critical value F^Er) = ri, and this accounts for all the critical points of the Morse 
function F = \fE. Moreover, for any c G M, the singular and Cech homology H^{A-^) agree, 
by Proposition 13. 3[ Every geodesic 7 G has the same index, ( |Bej Thm. 7.23) say, A^. By 
Proposition fl6XT|) . A,. < rAi + (r - l){n - 1). By f l6X2|l . A,. > rAi + (r - l){n - 1), hence 
the index growth is maximal, 

A, = Ar" = rAi + (r-l)(r2-l). (12.1.1) 

As in Theorem IC.21 let —>■ be the negative definite bundle. It is a real vector bundle 
whose rank is A^. 

12.2. Proposition. If M is orientable (and all geodesies on M are closed with the same 
prime period) then for any r the negative bundle F^ is also orientable. 

Proof. Fix r and let 70 G be a basepoint. Set xq = 7o(0) G M. Using the long exact 
sequence for the fibration SM ^ M we see that the projection — >■ M induces an isomor- 
phism 7ri(Er,7o) = vri(M, Xo). If Ai > then by [Be] Thm. 7.23 the manifold M is simply 
connected, so if dim(M) > 3 the same is true of S^, hence every vector bundle on is 
orientable. If dim(M) = 2 then M = S*^ is the 2-sphere and F,, is orientable by inspection. 

So we may assume that Ai = 0. By \Be\ Thm 7.23 this implies that M is diffeomorphic 
to real projective space and 71i{M,xq) = Z/(2). Since M is orientable, n = dim(M) is odd. 

The bundle F^ is orientable iff its restriction to each loop in is orientable, and it 

suffices to check this on any loop in the single non-trivial class in 7ri(Sr,7o). We may even 
take that loop to be the canonical lift 7 : [0, 1] — > SM, 

7(t) = (7(t),7'(t)/ll7'(t)||) 

of a periodic prime geodesic 7 : [0, 1] — M with 7(0) = Xq. (Since each geodesic is determined 
by its initial conditions, it follows that 70 = 7*^- This geodesic loop is contractible in M iff 
r is even.) 
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Following §2.2, the action on — > S^. corresponds to an operator T : E E such 
that = I, where E = F^^-yo is the fiber of F^ at the basepoint 79. Then det(T) = ±1 and 
the bundle Fr|7 is orientable iff det(T) = +1. If A is an eigenvalue of T then = 1. Those 
eigenvalues which are not equal to ±1 come in complex conjugate pairs. Hence, det(T) 1 
iff the dimension of the — 1-eigenspace of T is odd. If r is odd then —1 is never an eigenvalue 
of T so det(T) = 1. Thus we may assume that r is even. As remarked in [Rj, by [K] §3.2.9, 
§4.1.5 (see pp. 128,129), since r is even, the dimension of the —1-eigenspace of T is equal to 
the quantity J^(— 1) of [Rj (§1.1) and [K] (§4.1), namely 

/^(-l) = A2-A1 =n-l 

which is even. Therefore Fr|7 is orientable, so the bundle F^ S,, is orientable. □ 
It follows from Theorem I C . 2 1 1 hat a choice of orientation for F^ determines an isomorphism 

K : H,iJ:r;G) = H,+^M-'\A<'';G) (12.2.1) 

where G = Z if M is orientable and G = 'L/{2) otherwise. 

12.3. The non-nilpotent homology class. For any c G M, the long exact sequence for 
the pair (A-^, Aq) is canonically split by the evaluation mapping evo : A-'^ Aq so for any 
Abelian group G we obtain a canonical isomorphism 

i/,(A^^; G) ^ H,{Ao; G) © H,{A^\ Aq; G). (12.3.1) 

Taking c = £ = -F(Si) and using Theorem IC.2I gives a canonical isomorphism 

H,{A^'- G) ^ Hi{Ao; G) © i/.-A(Si; G). (12.3.2) 

where G = Z if M is orientable, and G = Z/(2) otherwise. The manifold Si is orientable 
(whether or not M is), since TSi © 1 = h*{TM) © h*{TM). Choose an orientation of Si 
with a resulting fundamental class [Si] G i/2ri-i(Si; G). Define 

eGi/2„-i+A,(A^^) 

to be its image under the isomorphism (112.3.21) . Set h = \i + n — 1. 

12.4. Theorem. Let M he an n dimensional compact Riemannian manifold, all of whose 
geodesies are simply periodic with the same prime length i. If M is orientable let G = Z, 
otherwise set G = Z/(2). Then the following statements hold. 

(1) the energy E : M ^ is a perfect Morse-Bott function for iJ^,(A;G), that is, for 
each r > 1 every connecting homomorphism vanishes in the long exact sequence 

Hi{A<''^] G) Hi{A^''^] G) H,{A^''^,A<''^; G) 

(2) the product *Q : ifj(A, Aq; G) ifi+b(A, Aq; G) with the class 9 is injective, and 

(3) for all r > 1 this product induces an isomorphism on level homology, 

Wr : H,{A^'\A<'-';G) Hi,+h{A^^''^^^\A<^+^'>';G). 
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Proof. Assume, by induction on r that jSr : ifj(A-'"^, Aq; G) —>■ Hi{A-^^, A*^^^; G) is surjective 
for all i. The case r = 1 is handled by equation (112. 3. 2p . Consider the following commutative 
diagram, where the vertical mappings are given by the Chas-SuUivan product *G, 



Ur 



ar 



Pr 



H.+b{A 



<(r+l) 



An 



H.+b{A 



<(r+l) 



Ao) 



We will show below that the mapping Wr is an isomorphism. Assuming this for the moment, 
it follows that f3r+i is surjective in all degrees. Hence the horizontal sequences in this diagram 
split into short exact sequences (so the Morse function is perfect). Therefore Ur is injective 
if and only if Vr is injective. However Vr may be identified with the mapping Ur+i under the 
isomorphism Hi{A-^'^) = ifj(A<(''+^)^) so it is injective by induction. (The mapping ui is 
trivially injective.) The rest of ^IT2]will be devoted to proving that Wr is an isomorphism. □ 

12.5. Theorem. After composing with the isomorphism 

hr:H,{SM)^H,{A^'\A<'') 

(where SM denotes the unit sphere bundle of the tangent bundle to M), the Chas-Sullivan 
product becomes the intersection product on homology, which is to say that the following 
diagram commutes: 



<e x<e\ 



hr X hi 



i+j—n 



Hi- 



\r+j-Xi-2n+l 



(SM) 



where the bottom row denotes the intersection product in homology 

We remark that this immediately implies that Wr is an isomorphism because the mapping 
Wr is the C-S product with the unique top dimensional class in H^,{A-^, A*^^) which becomes 
the fundamental class [SM] G H2n-i{SM) under the vertical isomorphism in the above 
diagram. But the intersection with the fundamental class is the identity mapping H^, (SM) — >■ 
H,{SM). 

Proof. The set = 0_l_(Sj. x Af Si) consists of pairs of composable loops; the first is an 

r-fold iterate of a prime geodesic and the second is a single prime geodesic; all parametrized 
proportionally with respect to arclength. This set contains S^+i as a submanifold of codi- 
mension n — 1. In fact the inclusion 
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;i2.5.1) 



is the diagonal mapping SM —>■ SM x SM. 

Let (S^,(9S~) = {exp{DTr),exp{dDTr)) be the negative submanifold that hangs down 
from Tjr, as in Proposition IC.21 where DTr denotes a sufficiently small disk bundle in the 
negative bundle Tr — >■ and where dDTr denotes its bounding sphere bundle. Then 
dim(S~ X M ^i) = dim(S~^_^) so we can apply Theorem IC.2I to the embeddings 



followed by an arbitrarily brief flow under the vector field — V-F. The condition on the 
eigenvalues of the second derivative (in the hypotheses of Theorem IC.2I) is satisfied by the 
energy functional, as a consequence of Theorem 2.4.2 in [K]. As in ( ]C.3.1I) we obtain a local 
(in a neighborhood of S^+i) diffeomorphism 

r: ^S; XM^r (12.5.2) 

between the negative submanifolds, see Figure [71 By Proposition 15.61 the Chas-Sullivan 
product is given by the composition down the right side of this figure. 



- E,,) ® i/,(S-, E- - El) 



i7,+j(E- X E-,S- X E" - E, X Ei) 



-ffi-A^+j-Ai-n(Er X Af El) i/i+j(E^ X E^ , E^ X E^ — E^ X-M ^i) 

-f^i-A^+j-Ai-ri(Sr Xm Ei) — - i/i+j_„(E^ X E-^ , E^ X^f E-^ — Er X-M ^1) 

(iK2a 

Hi+j-n-Xr+l{^r+l) " Hi+j^„{^^ Xm E^ ,E^ Xm — ^r+l) 

(112.5.21) 

^^i+j-n-A^+i (Sr+l) i/i+j-„(E^_|_^, E^^;^ — Er+l) 



Figure 7. The C-S product when all geodesies are closed 
On the other hand, the composition down the left side of the diagram is the intersection 
pairing because the composition down the middle four rows is just the Gysin pull back for 
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the (diagonal) embedding (112.5. 11) . This completes the proof of Theorem 112.51 and hence 
also of Theorem 112. 4[ □ 

12.6. Define the fihration C Iq Ch ■ ■ ■ C H^A, Aq; G) by 

Ir = Image {H,{k^'\ Aq; G) ^ H,{k, Aq; G)) . 

By Proposition 15.41 Ir * h C Ir+s so the Chas-Sullivan product induces a product on the 
associated graded group, 

Gr,if,(A,Ao;G') = ®r/r-^^ ® H,{h.^'\A<'^) 

r=l r=l 

which therefore coincides with the level homology ring (15.4.41) . Let H^{SM] G) be the 
homology (intersection) ring of the unit sphere bundle and let H^,{SM)[T]>i = TH^,{SM)[T] 
be the ideal of polynomials of degree > 1. 

12.7. Corollary. The mapping 

$ : H,{SM;G)[T]>i GriH,{A, Aq; G) (12.7.1) 

$(aT™) = hia) * e*(™-i) G /^deg(a)+A,+(„^-l)6(A-("^^ A^^'"^'; G) 
is an isomorphism of rings. 

Proof. This follows immediately from Theorems 112.41 and 112. 5[ □ 



13. Cohomology products when all geodesies are closed 

13.1. As in §12. H assume that M is compact n dimensional and all geodesies on M are 
simply periodic with the same prime length, i. Let S,,. C A denote the submanifold con- 
sisting of the r-fold iterates of prime geodesies. It is a nondegenerate critical submanifold, 
diffeomorphic to the unit sphere bundle SM, having index = rAi + (r — l)(n — 1) and 
critical value -F(Sr) = ra. Let DT^, STr be the unit disk bundle and unit sphere bundle of 
the negative bundle Tr —* Sr. If M is orientable, take cohomology with coefficients in the 
ring G = Z and choose orientations of M and Tr, otherwise take coefficients in in G = Z/(2). 
Theorem IC.2I then gives an isomorphism 

hr : H\J:r) ^ H'+^^{A^'-^,A<''^) 
by identifying each with H'+^-{DTr, STr). Let 6 = Ai + n - 1. Define 

Q e H^'{A-\Ao) = i/°(Si) 
to be the image /ii(l) of the element 1. 

13.2. Theorem. Assume M satisfies the above hypotheses. Then 
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(1) The energy E : A M. is a perfect Morse function for cohomology, meaning that for 
each r > 1 the connecting homomorphism vanishes in the long exact sequence 



(2) The product ®fi : if*(A, Aq) if''+^(A, Aq) is injective and 

(3) this product induces an isomorphism 

for all r > 1 and all i > 0. 

As in the proof of Theorem 112.41 part (3) imphes parts (1) and (2). Part (3) follows from 
the stronger statement, 

13.3. Theorem. After composing with the isomorphism 

hr : H*{SM) H*{A^''\A<'^) 

the cohomology product becomes the cup product on cohomology, which is to say that the 
following diagram commutes (recall that A^+i = \i + Xr + n — 1), 

hr ® hi 

H^+\T.r+i) i/"+^+^'-+i(A^("+i)^A<(^'+i)0 

hr+l 

The proof appears in the next few sections. In order to use Proposition 18.61 we will need 
to work in the space A of PPAL loops. 

13.4. Fix r > 1. Let r£+ = r^ + 2e, rf" = r£ - e, = £ + 2e, and (i~ = I - t. Set 
i = a + h + \r + \i so that j + n — 1 = a + h + A^+i. It is convenient to replace the gluing map 
01 : A^M A Ai with the topologically equivalent embedding 0^ : A^m A ^ A-!—, 
which approximates 0min near x Si, in fact, 

* Si = 0min(S.r Xm Si) = 0^(2^ Xm Si). 

We will write 

^<'^'<' for 0^(^<'^'<'). 
Similarly we replace mapping : ^ x [0, 1] ^ A\ with the mapping 

Jr-.A^ [0, 1] ^ 
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given by Jj.{a, s) = ao 6_r__^s where A_l_ and O^^s are defined by replacing \ with ^ in 



§8.11 The mapping ^^(''+1)^ AzL.'~ given by a 1-^ J^fa, ^) is a homotopy equivalence; 
its inverse assigns to a pair of joinable PPAL paths G (with a{l) = /3(0) and 

= «(0)) with lengths < ri and < £ respectively, the path (f)^i^{a,P) obtained by 
joining them at time L{a) / {L{a) + L{(3)). 



Let /' be the closed interval /' 



re+2€ 



as in §8.111 Then 



(r+l)£+e' {r+l)e+e 

r+l 

and Jr takes both ^<(^'+i)^+^ x dl' and ^<{'^+i)^-2^ x J' into the subset 



13.5. Recall from §12.1l that the negative bundle over is orientable if M is orientable, 
and that the exponential defines a diffeomorphism of a sufficiently small disk bundle and 
its bounding sphere bundle, [DTrjdDTr) onto a submanifold with boundary, (S~,c}Sj.) in 
A-^'^, such that eriDTj. — S^) C A"^*"^ (where is the zero section). Using the homotopy 
equivalence Q : A-^'^ A-^^ of Proposition 12.21 we may assume that S~ C A-^'^ so we 
obtain isomorphisms which we also denote by 



Moreover, equation (112. 5. 2p gives a diffeomorphism r : S 



r+l 



Xm^i = S- The 



following diagram may help in sorting out these different spaces. 



j-.[re-,re+),[e-,e+) 



C 



s; * sr 



C 



77 

<r£,<e 



c ^ 



<re+,<e+ 



r+l r+l r + l 

In order to compact the notation, for the rest of the section we will write 

H*{Y,^A) for H*{Y,Y-A). 



13.6. We are now in a position to expand the diagram in Theorem 113.31 This is accom- 
plished in Figure [H Here, j = a + b + Xr + \i so that j + n— l = a + b + K+i- Each of the 
rectangles in this diagram is obviously commutative except possibly for the portion denoted 
p~| , which we now explain, as it involves the somewhat mysterious degree shift of 1, and its 
relationship to the mapping J,.. 
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X X I X 

H''+''(Y:r X El) ► H^T,- X X Ei) W (^{A<'''^^ , A<''^' ) x (y4<** x A<'' 

I 



H''+''(E, xmSi) 



'^r/{r + l) 



H°+''(E,. * El) 



HJ(E- XMSr.~S, XmSi) 

'^'/(r+l) 

HJ(E- * E-,~ E^ * El) -H- 



<re+ ,<e+ r\re~ ,re+),\e~ ,1+) 



-\<t>r/(r + l) 



(18:8:21 [- 



r+l 



0j:^i+n^_^<rf+,<f+^^^[rf-,rf+), [<!",<■+) 



ff-^+^CE^+i) 



i?"+'(E,+i) 



*S-,~E,+ i) 

i [T23:2t 

* H^"+"-i(E7+i,~E.+i) 



Il8.ll.2l l I J* 



Mo 



Figure 8. ® product 

The figure eight space JF has a normal bundle in A that is isomorphic to the (pullback 
of the) normal bundle of the diagonal in M x M, and hence to the tangent bundle TM of 
M. Its Thom class is denoted fixM and the Thom isomorphism (18.8.2^ is given by the cup 
product with this Thom class. The normal bundle of S^+i in Xm is denoted T. The 
Gysin mapping (labeled §B.4I in the diagram) is given by the cup product with the Thom 
class fir ■ The Kiinneth isomorphism at the lower right corner of the diagram is given by the 
cup product with the generator of H^{I', dl') which may be identified with the Thom class 
fiQ of the trivial one dimensional bundle O on the interval /'. 

So to prove that [T] commutes we need to compare the Thom class /itm with the product of 
Thom classes /ixU/io- It suffices to construct a vector bundle isomorphism J*{TM) = T©0. 

The critical set E^+i is a submanifold of codimension ra — 1 in * Si. A point in the 
latter space is an r-fold iterate of a prime closed geodesic followed by a prime closed geodesic 
with the same base point, all parametrized proportionally with respect to arclength, so it 
is determined by a triple (p, m, v) where p E M and u,v E Sp are unit tangent vectors at p. 
This point lies in if and only if u = f . It follows that the normal bundle T of S^+i in 
Ej. * El may be naturally identified with the bundle ker((i7r) of tangents to the fibers of the 
projection vr : SM M. But there is another way to view this bundle. 

Let u be the tautological (trivial) bundle over SM whose fiber at the point v E Sp is 
the 1-dimensional span (v) C TpM. Then tt*{TM) = where u-^ is the bundle whose 



fiber over v E Sr, 



IS y- 



-. For any v E Sp the inclusion of the unit tangent sphere Sp C TpM 
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induces an injection ker((i7r) "—>■ TpM whose image is z/-*-. In this way we obtain a canonical 
isomorphism T = z/-*- and therefore an isomorphism tt*{TM) = T © z/. 

Consider the restriction : E^+i x /' — >• A, say /3 = Jr(a,s). Then ^(a,s) is a vector 
field along /3 that is a multiple of the tangent vector f3' since the s factor only changes the 
parametrization. This gives an isomorphism between J*{i') and the trivial 1-dimensional 
tangent bundle TI' on S^+i x J'. In summary we have constructed an isomorphism J*{TM) = 
T©0. This completes the proof that the diagram in Theorem 1 1 3 . 31 commutes, so it completes 
the proof of Theorem 113.21 □ 

13.7. Level cohomology ring. Continue with the assumption that all geodesies on M 
are simply periodic with the same prime length i. Define the filtration H*{A, Aq; G) = /° D 
/I D ■ ■ ■ by 

r = Image {H*{A, A^"^; G) H*{A, Aq; G)) . 

Each C H*{A,Aq) is an ideal (with respect to the ® product) and P' ® P C. F^'^. Since 
the Morse function is perfect it induces an isomorphism 

G/iy*(A,Ao)= ©//*(A^''^A<^^) 

between the associated graded ring and the level cohomology ring. Let H*{SM; G) denote 
the cohomology ring of the unit sphere bundle of M. 

13.8. Corollary. The mapping (cf. ^12. 6\) 

^ : H*{SM;G)[T]>i Gr" H* {A, Aq; G) = ® H^A^^' , A<'') 

r>l 

given by 

is an isomorphism of rings. 

Proof. Just as in Corollary 1 12. 71 the ® product on Si may be identified with the cup product 
because the diagram in §13.61 commutes. □ 

13.9. Based loop space. Let Q = Q^o C A denote the space of loops in M that are based 
at xq. Suppose as above that all geodesies on M are simply periodic with the same prime 
length i. Since the index growth is maximal, cf. (112.1.11) . the index of each critical point in Q 
is the same as that in A, cf. Lemma [6.41 The critical set C f2 at level ri is parametrized 
by the unit sphere 5*""^ C T^^M. The arguments of the preceding section may be applied 
to the based loop space with its product ® (cf. Proposition 18.51) and we conclude that 
the cohomology algebra (if*(fij.Q, xq), ®) is filtered by the energy and the associated graded 
algebra is isomorphic to the polynomial algebra /7*(S^)[T] where deg(T) = h = \i + n — 1 
and where H*{T,^) is the cohomology algebra of the sphere S*""^. The restriction mapping 
H*{A) — > H*{Q) induces the mapping on the associated graded algebras 

H*{SM)[T] H*{S''-^)[T] (13.9.1) 
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which is determined by the restriction homomorphism 

^ H*{T.^). (13.9.2) 
If M = S"" is the n-sphere, the restriction mapping (113.9.21) is surjective when n is odd. 

14. Related products 

14.1. Composing the Kiinneth isomorphism with the action 5*^ x A ^ A gives a map 

A, : Hi{K- G) Hi+i{A; G) and A* : H\A; G) W-\A; G) 

for any coefficient group G. Then [CS] define Hi{A) x Hj{A) ^ //i+j_„+i(A) such that 

{a, 6} = {-lpA,{a * 6) - {-lpA,{a) * 5 - a * A,{6) (14.1.1) 

where \a\ = i — n if a E Hi{A). They prove that the bracket is (graded) ant i- commutative, 
it satisfies the (graded) Jacobi identity, and it is a derivation in each variable, that is, 

(1) {a,r} = -(-l)(H+i)(M+i){r,a} 

(2) {a, {r, 00}} = {{a, t},u;} + (-l)(kl+i)(l-l+i) {r, {a, oo}} 

(3) {a, T*Lu} = {a,T}*uj+ (-l)l^l(l'^l+i)r * {a, lu} . 

Since A* preserves the energy, it follows that the bracket operation is also defined on the 
relative homology groups if*(A-", A-"^ ; G) and it satisfies the energy estimates of Proposition 

M 

Similarly, we may define H'{A,Ao) x W{A,Ao) ^ W+^+'^-^A, Ao) by 

{r, uj} = (-l)l"lA*(r ®uj)- (-1)1"! A*(r) ®uj-t®A*{uj) (14.1.2) 
where 1x1=2 + 72— 1 if rG /f*(A). 

14.2. Theorem. The cohomology bracket satisfies the following for any a,T,uj E H*{A, Aq). 

(A) {t,u} = -(-l)(l-l+i)(l-l+i) {cu,r} 

(B) {a, {r, u}} = {{a, t},u;} + (-1)(I-I+i)(I-I+i) {r, {a, u}} 

(C) {a, T®iu} = {a,T}®iu + (-1)1-1(1-1+1)^ ® {a, lj} . 

Proof. Part (A) follows directly from the definition. The proof of parts (B) and (C) will 
appear in Appendix [Dl 

14.3. Nondegenerate case. As in Theorem II 1.31 assume the manifold M is orientable, 7 
is a closed geodesic such that all of its iterates are nondegenerate, and assume the negative 
bundle is orientable for all r, cf. footnoteO Let a = L{'j). Assume r > 2. Let a^, a,., tv, 
be the local (level) homology and cohomology classes described in equation flll.2.ip . In the 
local level (co)homology group if(A*-^" U S^, A^*"*^) we have: 

A^{ar) = rar, A^,(ar) = 
A*{Tr)=rTr] A*(r^)=0. 
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Using Theorem [1131 if Xj+k = XfH then in H,{k<^+^^'' U S^+fc, A<(J+'=)") we have 

{aj,ak] = -{k + {-lt'\j)a,+k 

while if Xj+k = Xf^l then in /7*(A<0+'=)« u S^+fe, A<(J+'=)'*) we have 

{r„r,} = (-fc + (-l)l-^lj)r,+fc 
{Tj.Tk} = (-l)l^'l/crj+fe. 

14.4. Equivariant homology and cohomology. As in |CSj . one may consider the T = 
S'^-equivariant homology Hj[A) of the free loop space A. Let ET BT be the classifying 
space and universal bundle for T = S*^; it is the limit of finite dimensional approximations 
g2n+i _^ (^pn and let TT : A X ^ At = A Xt be the Borel construction. There are 
Gysin (exact) sequences ( |Sp| §5.7 p. 260) with coefficients in Z, 

► H't{A) — ^ H'{A) — ► H''\A) H'+\A) ^ . 

The Chas-Sullivan "string bracket" (homology) product on equivariant homology is de- 
fined to be (—1)*"" times the composition 

H^iA) X HjiA) ^^1^ iJ,+i(A) X Hj+,iA) ^ i/.+,+2-n(A) ^ /7f+,.+2_,(A), 

that is, [a, S] = (— l)l°"l7r* {n*{a) * 7r*((5)) . The action of T = S""*^ preserves the energy function, 
so the (homology) string bracket extends to products on relative homology ifJ(A-°,A-°) 
and on level homology i^J(A-'^, A^") which satisfy the same energy estimates as those in 
Proposition \5.4\ 

Similarly the (cohomology) product ® gives rise to a product in equivariant cohomology 
as (— l)*+"~i times the composition 

W^iA) X H'^iA) ll^iX H\A) X H^{A) ^ W+^+^-\A) ^ /7^+^+"-'(A), 

or T@uJ = (— l)l^l7r* (7r*(r) ® 7r*(u;)) . It also gives products in relative equivariant cohomol- 
ogy H^{A-°',A-^) with energy estimates as in Proposition 18.61 

14.5. The string bracket is discussed in [CS] , p. 24 in the case when M is a surface of 
genus > 1. When n = 2 it gives a non-trivial map 

H^{A) X H^iA) M H^{A) 
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which turns out to be a product discovered by Goldman [Goj and Wolpert [Woj . In this 
case the equivariant cohomology product @ is also non-trivial in degree zero, 

ifO(A,Ao) X if°(A,Ao) ^ if^(A,Ao). 

The group ifj.(A, Aq) can be identified with the set of maps from the set of free homotopy 
classes of loops in M to the coefficient group G, which take the homotopy class of trivial 
loops to the identity element in G. We give a simple example: consider the case when 
G if^(A,Ao) are given by f\A and Hi? where A and B are disjoint simple closed loops 
in M. Assume that M also supports loops A' and B' with 

Ar\A' = Bf\B' = l 

Ar\ B' = B r\ A' = Ar\ B = {). 

Let C G A. By chasing through the definitions we see that the class 

a@f3 eH^iKKo) 

has the following properties, when considered as a map from the set of free homotopy classes 
of loops in M to G : 

(1) (a ® /3, [C]) = if C is an embedded loop, 

(2) (a®/3, [C]) = 1 if there exist loops A", S", homotopic to A', B' (respectively), which 
intersect transversally at the point A"{Q) = B"{0) such that C is homotopic to the 
composed loop A" ■ B" . 

This product appears to be related to the Turaev cobracket described in |Chs] . p. 27. 

Appendix A. Cech homology and cohomology 

A.l. Throughout this paper, the symbols Hi and denote the singular homology and 
cohomology while Hi and H^ denote the Cech homology and cohomology as described, for 
example in [ES] §9, P p. 339, [B?l p. 315 (Cech homology), and [Bp] §6.7 Ex. 14 p. 327 
(Cech cohomology). 

The problem is that the space A-" and even its finite dimensional approximation A^^" 
might be pathological if a is a critical value of the function F. However, for each regular value 
a + e the space A-""*"^ has the homotopy type of a finite simplicial complex. Thus one might 
hope to describe the homology and cohomology of A-" using a limiting process. The Cech 
homology and cohomology are better behaved under limiting processes than the singular 
homology and cohomology. Unfortunately, the Cech homology does not always satisfy the 
exactness axiom for a homology theory (although the Cech cohomology does satisfy the 
exactness axiom). These issues are explained in detail in |ESj . We now review the relevant 
properties of these homology theories that are used in this article. 
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A. 2. Let G be an Abelian group. \{ A d X are topological spaces then the composition of 
any two homomorphisms in the homology sequence for the pair H^,{X, A; G) is always zero. 
If X and A are compact and if G is finite or if G is a field then the homology sequence for 
H^,{X, A; G) is exact. 

If a topological space X has the homotopy type of a finite simplicial complex then the nat- 
ural transformations Hj{X;G) Hj{X;G) and H^{X;G) H^{X;G) are isomorphisms 
for all j. 

By |Ha] Thm 3.33, if a topological space X is an increasing union of subspaces Xi C 
X2 C • • • and if every compact subset C X is contained in some Xn then for all j the 
inclusions X„ X induces isomorphisms 

Hj{X; G) ^ \imHj{Xn; G) and Hj{X- G) ^ limi^j(X„; G). 

A. 3. Let A be a closed subset of a paracompact Hausdorff space X. Let Ui D U2 ^ ■ ■ ■ 
be a sequence of subsets of X such that nj^^t/^ = A. Then the following table describes 
sufficient conditions that 

H''{A; G) ^ MmH'^iUn; G) and Hq{A; G) ^ lim^,(f/„; G). 





Un open 


Un closed 


cohomology 
homology 


no restriction 
X is a manifold 


X is compact 
X is compact 



These facts are classical and the proofs may be found in the textbooks, for example |ESj 
§IX, §X, |Sp] §6.6 Thm 2, Thm 6; [DJ VIII §6.18, §13.4, §13.16; and (By [SpJ §6.8 Cor. 
8, the Cech cohomology coincides with the Alexander- Spanier cohomology on the class of 
paracompact Hausdorff spaces.) 

For the remainder of this Appendix, continue with the notation M, A, F, S of ^ 

A. 4. Lemma. Let G be an Abelian group and let a G M. Then the natural homomorphisms 

H,{A;G) ^ H,iA;G) and H^A^^^G) ^ H^A^^^G) 

are isomorphisms. If a is a regular value of F, or if a is a nondegenerate critical value 
of F in the sense of Bott, then the morphism H^:{A-"-] G) — > i?^,(A-"; G) is an isomorphism. 
The same statements hold for Cech cohomology. 

Proof. This follows from Proposition 13. 3t the space A^" has the homotopy type of a finite 
dimensional manifold, and if a is a regular value then A-" is homotopy equivalent to a finite 
dimensional compact manifold with boundary. □ 

A. 5. Lemma. If a' < a G M then the inclusion A-"" A-""*"^ induces canonical isomorphisms 

Hi{A^'';G) = limi7i(A<°+^;G) (A.5.1) 

0< e 

^^(A^^A^"';^) ^ limi^i(A<'^+^A<'^'+^G') (A.5.2) 

0< e 
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with Cech homology on the left and singular homology on the right. If G is a field, a G 
Hi{A;G) and if a = cr{a) is its critical value then there exists uo G ijj(A-";G) which 
maps to a. 

Proof. By Proposition 13.31 the space A-*^ is homotopy equivalent to the finite dimensional 
space M.jI^ which is contained in a manifold. Therefore 

^.(A^'^) = H,{M%'') = \imH,{M<;+') = limi7,(A^'^+^) 

0< e 0< e 

which proves (lA.S.ip . The relative case (1A.5.2P is similar. Now suppose G is a field and let 
bn i 0. = cr(a) be a convergent sequence of regular values of F. Then ifj(A-"; G) is the limit 
of the sequence of finite dimensional vector spaces 

Hi{A^^') ^ H,{A^^^) ^ Hi{A^^^) < 

and for each n > 1 there is an element Un G Hi{A-^") that maps to a. Let Hn = 
Image (ifi(A-*"; G) — > /7j(A-^^;G)) . These form a decreasing chain of finite dimensional 
vector spaces which therefore stabilize after some finite point, say, 

= Image {Hi{A^'^; G) ^ H,{A^'^;G)) = H^^.H,, = ifi(A^"; G). 

It then suffices to take u G //at to be the image of & iJj(A-^^; G). □ 

A. 6. Proposition. Fix c G M. Let U G A be a neighborhood of'L^'^. The inclusions 

(A<" u s=") n f/ A<^ U ^ A-" 

induce isomorphisms on Cech homology, 

i?.((A<"US='=)nC/,A<'=nf/;G) i7,(A^"nC/,A<'=ni7;G) 

ol t 
7?,(A<'=UI]=",A<'=;G) 7?i(A^'=,A<";G) ► lim i/i(A<'=+% A<'=; G) 

Proof. It follows from excision that the relative homology group ifj((A^^U S'^) fl f/, A^'^fl f/) 
is independent of U. Taking U = A gives the isomorphism (3. The same argument applies to 
the isomorphism 7. The mapping r is an isomorphism by §A.3[ Finally, the mapping a is an 
isomorphism because the inclusion (A^'^ U S'^, A^^) (A-^, A^'^) is a homotopy equivalence. 
A homotopy inverse is given by the time t fiow ipt '■ A-'^ — * A-'^ of the vector field — grad{F), 
for any choice of t > (cf. [K] §1, [C] §1.3). □ 



Appendix B. Thorn isomorphisms 

B.l. The constructions in this paper necessitate the use of various relative versions of the 
Thom isomorphism for finite and infinite dimensional spaces in singular and Cech homology 
and cohomology. In this section we review these standard facts. 
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Recall that a neighborhood N oi a, closed subset X of a topological space y is a tubular 
neighborhood ii there exists a finite dimensional ("normal") real vector bundle n : E X, 
and a homeomorphism ip : E ^ N G Y which takes the zero section to X by the identity 
mapping. In this case, excising Y — N gives an isomorphism 

H{E, E-X;G)^ H{N, iV - X; G) = H{Y, Y - X;G) 

where H denotes either singular homology or cohomology (with coefficients in an Abelian 
group G) and where E — X is the complement of the zero section. Let us take the coefficient 
group to be G = Z if the normal bundle E is orientable (in which case we fix an orientation) , 
and G — Z/{2) otherwise. The Thom class 

I^E e H'^iE, E-X;G) 

is the unique cohomology class which restricts to the chosen homology generator of each 
fiber Tr~^{x). The cup product with this class gives the Thom isomorphism in cohomology, 

H'{X; G) ^ H\E; G) H'+'^iE, E - X;G) ^ H'+'^iY, Y-X;G) (B.1.1) 

and the cap product with this class gives the Thom isomorphism in homology, 

Hi{X; G) ^ Hi{E; G) ^ H,+n{E, E-X-G)^ H,+n{Y, Y - X-G). (B.1.2) 

See [Spanier] Chapt. 5 Sec. 7 p. 259. The same results hold for Cech homology and coho- 
mology. We need to establish relative versions of these isomorphisms. 
As usual we take the coefficient group G to be either Z or Z/(2). 

B.2. Proposition. Let A (Z X be closed subsets of a topological space Y. Assume that X has 

a tubular neighborhood N in Y corresponding to a homeomorphism (f) : E ^ N of a normal 
bundle E ^ X of fiber dimension n. If E is orientable then choose an orientation and set 
G = Z, otherwise set G = Z/(2). Then the Thom isomorphism induces an isomorphism 

H\X, X-A]G)^ H'+'^{Y, Y-A;G) (B.2.1) 

in singular cohomology, and an isomorphism 

Hi{X, X-A;G)^ i/,+„(r, Y-A;G) (B.2.2) 

in singular homology. Taking A — X gives Gysin homomorphisms 

H'{X; G) ^ //^+"(y, Y -X;G)^ W+'^iY; G) (B.2.3) 

i/,+„(y; G) ^ //,+„(y, Y-X-G)^ H,{X- G) (B.2.4) 

denoted h\ and h) respectively, where h : X ^ Y denotes the inclusion. If U G Y is open 
then taking A — X — X nU gives Gysin homomorphisms 

H'{X, XnU;G)^ H'+'^iY, Y - A;G) ^ H'+''{Y, U; G) (B.2.5) 
if,+„(r, U- G) ^ Hi+n{Y, Y-A-G)^ Hi{X, XnU;G) (B.2.6) 
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Proof. We will describe the argument for flB.2.ip : the argument for flB.2.2p is the same, with 
the arrows reversed. We suppress the coefficient group G in order to simplify the notation 
in the following argument. Let = 7i-'^{X-A) C E and let E° = E-X. The sets 
are open in X so they form an excisive paiil^ giving the excision isomorphism 

H\E^VJE^,E^) H\E^,E^ nE^). 

The cup product with the Thom class ^ H"'{E^ E^] Z) gives a mapping 

H\X, X-A) = W{E, E^) W+'^iE, E° U E^) 

which we claim is an isomorphism. This follows from the five lemma and the exact sequence 
of the triple 

E° C U C E. 
In fact, the following diagram commutes: 

H-*'{E.E°UE-*) . H-*-{E.E«) , f !i ^Jf^' f ' 



h%x,x-a) > h'{x) > h''{x-a) 

Figure 9. 

so the left hand vertical mapping is an isomorphism. Since A is closed in Y we may excise 
Y — N from Y — Aio obtain an isomorphism 

Y -A)= W+'\N, N -A) = H'+'^iE, E° U E^). □ 

B.3. We will also need in ^ the following standard facts concerning the Thom isomor- 
phism. Suppose El —>■ A and E2 A are oriented vector bundles of ranks di and ^2- If 
both are oriented let G = Z (and choose orientations of each), otherwise let G = Z/(2) be 
the coefficient group for homology. Let E = Ei® E2. The diagram of projections 

E ^ El 



TTl 



E2 A 



gives identifications E = 'kI{E2) = -kI^Ei) of the total space £" as a vector bundle vrj'(i?2) 
over El (resp. vector bundle (£"1) over E2). The Thom class /xa e H^^{E2,E2 - A) 



pair A, B <Z X IS. excisive \i A\J B = A° \J B° where A° denotes the relative interior of A in A U i?, 
cf. [Sp] p. 188 
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pulls up to a class 

TTl{fi2)eH'''{E,E-Ei) 
and similarly with the indices reversed. Then the relative cup product 
H'^' {E,E~Ei)x H'^^ {E, E-E2)^ j^^i+da _ ^^-^ u {E - E2)) = H'^^^'^' {E, E - A) 

takes (7rj['(/i2), vr|(/ii)) to the Thorn class 

Consequently the Thorn isomorphism for E is the composition of the Thom isomorphisms 



H\A) 



W^^^{Ei,Ei- A) 



H 



i+dx+d2 



{E,E-A). 



Ill 112 

B.4. Corollary. In the situation of Proposition W7^ suppose that A G X G Y are closed 
sets, that A has a tubular neighborhood in X with oriented normal bundle T of rank m, and 
suppose X has a tubular neighborhood in Y with oriented normal bundle E of rank n. Then 
A^EeT = 71"t(/^-e) ti'eI/^t) is a Thom class in H"'~^"^{EQ)T,EQ)T — A) and the composition 
of Thom isomorphisms across the bottom, in the following diagram 



H\X) 



H^+n^Y^ Y-X) 



H\A) .^3. H'+'^iX, X-A) Y - A) 



fir — f^E 

is the Thom isomorphism [fiEer)- The diagram gives rise to a Gysin homomorphism 
ip : H^{Y, Y — X) — > H'^^'^iY, Y ~ A) which may be interpreted as the cup product with the 
Thom class 

fir e H'^iT, T-A)^ H'^iX, X - A) = H'^iE, E - 7i^\A)) 
in the following sequence of homomorphisms 

H''{Y, Y-X) //'■+™(y, Y -A) 



H'-iE, E-X) ► /^'■+"^ {E, {E - TiE\A)) U - X))=H''^'^{E, E - A) 

U/iT 



Appendix C. Theorems of Morse and Bott 



C.l. We have the following theorems of Morse and Bott poT] . [Bo2] . pi] , jBoT] . [L], 
[K] Cor. 2.4.11, and §3.2, [R]. (By Lemma lA.41 the homology groups that appear in the 
following theorem may be taken to be either Cech or singular.) 
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C.2. Theorem. Let X be a Riemannian Hilbert manifold and let f : X ^ M be a smooth 
function that satisfies condition C. Let H be a finite dimensional connected nondegenerate 
critical submanifold in the strong sense that the eigenvalues of d'^f on the normal bundle of 
S are bounded away from 0. Let X < oo be the index of S and let d < oo be the dimension 
of T,. Let c = /(S) be the critical value. Suppose there is a smooth connected manifold V 
with 

dim{V) = dim(S) + A 

and smooth embeddings 

S V ^ X 

a p 

so that p o cr : S — > S is the identity and f o p(x) < c whenever x E V — T,. Then p induces 
an isomorphism 

H,{y, r - S; G) ^ H,{X<' U S, X<^; G) 

for any coefficient group G and for all i > 0. In fact, p induces a local diffeomorphism of 
pairs (V", V — T?) = (S^, — S), where S~ is defined below. 

Composing with the Thom isomorphism liB.l.^) gives a further isomorphism 

Hi{V,V-J:;G)^H,_^{^;G) 

where G = TL if the normal bundle ofT, in V is orientable, and G = Z/(2) otherwise. 

C.3. Proof. This essentiaUy foUows from Theorem 7.3 (p. 72) of [Cj or CoroUary 2.4.8 and 
Proposition 2.4.9 of [Kj. The tangent bundle TX|S decomposes into an orthogonal sum 
of vector bundles r+ © r° © T~ spanned by the positive, null, and negative eigenvectors 
(respectively) of the self adjoint operator associated to d'^f. The inclusion S — > X induces 
an isomorphism TE = r° so we may identify the normal bundle of S in X with F"*" © F". 
For e sufficiently small the restriction of the exponential map 

exp : (F+ © F~), ^ X 

is a homeomorphism onto some neighborhood U G X. Let E~ = exp(F~) C X. This 
submanifold is often described as "the unstable manifold that hangs down from S," for if 
e is sufficiently small and if 7^ a G F~ then /(exp(a)) < c. Its tangent bundle, when 
restricted to S, is 

TS-|E = F°©F-. 

The projection F"*" © F~ ^ F~ induces a projection it : U ^ S~ which is homotopic to 
the identity by the homotopy 

7rt(exp(a © 6)) = exp(ta © b) 

where t e [0, 1], a G F+, 6 G F~, and where tti is the identity and ttq = vr. Moreover the 
kernel of the differential dnlx) : T^X — > T^'^' at any point x G S is precisely the positive 
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eigenspace, r+ C T^X. Let us identify the manifold V with its image p{V) C X so that 
Tl^|S C r" © r~. It follows that the restriction of tt 

TT-.vnu^j:- (c.3.1) 

has nonvanishing differential at every point x E 11 G V and consequently the mapping 
(lC.3.ip is a diffeomorphism in some neighborhood of S. It follows that vr induces an isomor- 
phism 

TT, : Hi{V, V - S) ^ Hi{^-, - S) ^ Hi{DT-, dDT-) (C.3.2) 

where Dr~ denotes a sufficiently small disk bundle in F" and dDr~ is its boundary. On the 
other hand, by Morse theory (the above mentioned Theorem 7.3 of [C] or Proposition 2.4.9 
of [K]), the space U-'^^^ has the homotopy type of the adjunction space U-'^^^ ^dov- DT^ . 
This gives the standard isomorphism of Morse theory, 

Hi{DT-, dDT-) ^ Hi{U-'+\ U-^-^). (C.3.3) 
All these isomorphisms fit together in a commutative diagram: 




H,{DT',dDT- 



T<C-S\ 



Each of the arrows labeled by an equation number is an isomorphism, so is an isomor- 
phism. But i*7r* is the identity, so tt* is also an isomorphism, hence also p*. □ 



Appendix D. Proof of Theorem 114.21 

D.l. The proof of Theorem 114. 21 involves a second construction of the cohomology bracket, 
along the same lines as the definition of the ® product. As in ^let A be the free loop space 
of mappings x : M/Z — M (or x : [0, 1] — > M). For the purposes of this appendix only, let A 
be the free loop space of mappings R/2Z ^ M (or [0, 2] ^ M). li x,y e A, if s e R/Z 
(or s G [0, 1]) and if x(0) = y{s), define x ?/ G A (see Figure [TUl) by 

{y{t) if < t < s 

x{t — s) if s < t < 1 + s . 

y(t) =y{t-l) if 1 + s < t < 2 

Define {A, A} to be the set of triples (x, s) G A x A x IR/2Z such that 

x{0) = y{s) if < s < 1 
y{0) = x{s) if 1 < s < 2 
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X 




Define $i : {A, A} ^ A by ^i{x,y,s) 
We have embeddings 



Figure 10. Joining two loops at time s 
X -sU ifO<s<l 
y -(s-i) X if 1 < s < 2. 



h $ - 

A X A X M/(2Z) ^ {A, A} ^ A X 



(D.1.1) 



where ^{x, y, s) — ($i(x, y, s), s) . The images $({A, A}) and h{{A, A}) have normal bundles 
and tubular neighborhoods and in fact they are given by the pull-back of the diagonal A 
under the mappings 



a 3 ^ 

A X A X R/2Z ^ M X M A X 



Z 



h ({A, A}) . A . $ ({A, A}) 

where 

\x{0),y{s)) ifO<s<l 



a{x,y,s) 



{x{s),y{0)) ifl<s<2 



and (3{w,s) = {w{s),w{s + 1)). (Each half of {A, A} has a smooth tubular neighborhood 
and normal bundle in A x A x M/2Z but there is a "kink" where the two halves are joined 
so we only obtain a topological tubular neighborhood and normal bundle of h{{A,A}).) In 
particular, 

$ ({A, A}) = s) e A X M/2Z : w{s) = w{s ±1)} (D.1.2) 
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D.2. We claim that the bracket {x, y} G -f^dcg{a;)+dcg(j/)-n+i(A) is obtained by passing from 
left to right in fID.l.ip . i. e., it is the image of x x y x [M/2Z] under the composition 



H,{A) X Hj{A) X Hi{n/2Z) ^ /^i+j+i(A x A x R/2Z) 

$1 ^ 

({A, A}) 

where deg(x) = i, deg{y) = j, e = and [M/2Z] e Hi{R/2Z) denotes the 

orientation class. First we show this agrees with the definition of {x,y} in [CSj . 

The projection vr : {A, A} R/2Z is locally trivial and 7r-^(0) = 7r-^(l) = is the 
figure eight space. Let {A, Aj^ -^j = n-^{[0, 1]) and 9{A, Ajjo ^ = tt^^ ({0} U {!}) . Then the 
bracket product in [CS] is a sum of two terms, 

{x,y} = x^y - 

(but |CS] use a * rather than a 'v') which may be identified as the two images of 

h-{ex xyx [R/2Z]) G /7i+,_„+i({A, A}) 

in 

($({A, A}[o y),9$({A,A}p,i])) and [^A, A}^,^,^), d^A, A}^, ,^)) 

respectively. The projection to A adds these together (with the appropriate sign). 

The proof that the construction of §D.2I agrees with fll4.1.ip is essentially the same as the 
proof of Corollary 5.3 in [CSj . Using this fact, the proof of (1),(2),(3) in §14.11 is then the 
same as in [CSj §4. 

D.3. In this paragraph we define the reparametrization function 

J : A X M/2Z X [0,2] ^ A X R/2Z 

that is analogous to the function J of §8.11 First some notation. For r G [0,2] let Oi^r '■ 
[0, 2] — > [0, 2] be the piecewise linear function taking 0, 1 t— > r, and 2 i— 2. It is just 
the function 6 of §8.H but the domain and range have been stretched to [0, 2]. For any real 
number s define the translation : IR/2Z — » RZ by Xs{t) = t + s. Define 

J {w, s, r) = {woxso Oi_,r o x-s, s) (D.3.1) 

and set Jr{w, s) = J{w, s,r). In analogy with our notation for in §8.11 let {A, A}^°'^° be 
the set of {x,y,s) G {A, A} such that F{x) > and F{y) > 0. Let Aq = A=° denote the 
constant loops in A. We claim that J takes both of the following sets 

Ao X M/2Z X [0, 2] and A x M/2Z x d[0, 2] (D.3.2) 

into the set A x M/2Z - $ ({A, A}>°'>°) . 
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This is obvious for the first of these sets, while the verification for the second set involves 
four cases: s < 1 or s > 1 vs. r = or r = 2. In each case the function Xs ° ^i^r ° X-s is 
constant, with value s, on the interval [s, s + 1] (mod 2). Therefore J(tf, s, r) = (7, s) where 
7 = a; y (s < 1) or 7 = a; -{s-i) y {s >1) and either x or y is a constant loop. 

D.4. The geometric construction of the cohomology bracket is the following composition. 



H\K,Kq) X W{A,Ao) X i/°(M/2Z) 



ex 



H''+3 ((A, Ao) X (A, Ao) X R/2Z) 
h* 



I >o,>o 



Ao)) 



(^{A,A},{A,A}-{A,A} 

$i| (Ib:211) 

jji+j+n p X M/2Z, A X R/2Z - $ ({A, A}>"'>° 
J* I 

f(A,Ao) X R/2Z X ([0, 2], a[0, 2]) 



where vr denotes the projection to A. So the bracket is obtained by passing from left to right 
in the following diagram. 



A X A X R/2Z {A, A} i A X M/2Z A x M/2Z x [0, 2] ► A 



D.5. For r G [0,2] set Jr(w,s) = J{w,s,r). Let T : {A, A} {A, A} by r(x,?/,s) = 
iy,x,s + 1) and (by abuse of notation) set T : A x IR/2Z ^ A x IR/2Z by T{z,s) = 
{z o xi,s + 1). (So T moves the basepoint half way around the loop.) Then the following 
diagram commutes: 

$ - J - 

{A, A} ^ A X M/2Z ^ A X M/2Z 



r 



T 



T 



{A, A} ^ A X M/2Z —-Ax R/2Z. 
As in §D.2l the bracket is a sum of two terms, 

{x,y} = x^y - (-l)(l"l+^)(IJ'l+^V*a; 



which are interchanged by the involution T. The proof that the construction in §D.4I agrees 
with the formula (114.1.21) is essentially the same as the proof of Corollary 5.3 in |CS] . The 
proof of (A), (B), (C) in Theorem I14.2|[T^?T] is then similar to the argument in |CS] §4. 
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Appendix E. Associativity of ® 



E.l. In this section we complete the proof of Proposition 18.31 The following statements 
refer to the diagram "Associativity of ®" . We omit the parallel diagram that is obtained by 
taking cohomology of each of the spaces and pairs that appear in this diagram. Each mapping 
denoted r denotes an inclusion with normal bundle. The corresponding homomorphism in 
the cohomology diagram is the Thom isomorphism. In the cohomology diagram, the squares 
involving arrows denoted r commute because the relevant normal bundles pull back. 

Starting with xxyx z in the upper left corner, the product x®{y®z) is obtained by going 
across the top row then down the right side of the diagram, while the product {x®y) ® z is 
obtained by going down the left side of the diagram and then along the bottom row. Here, 
the symbol jFi denotes and the space C denotes the space of (three-leaf) clovers, 

that is, the pre-image of the (small) diagonal under the mapping 

(evo,evi,ev2) : A M x M x M. 



3 



It has a normal bundle in A that is isomorphic to TM © TM. The symbol C^°'^°'-° denotes 
those loops consisting of three composable loops a ■ /5 ■ 7, with a,P glued at time 1/3 and 
with /3,7 glued at time 2/3, such that two (or more) of these "leaves" have positive energy 
(that is, one or fewer of these loops is constant). Hence C — consists of clovers 

such that two or more of the leaves are constant. The square marked \T\ is Cartesian: the 
lower right corner is the intersection of the upper right and lower left corners. The symbol 
A denotes a diagonal mapping and id denotes an identity mapping. 

E.2. Using the obvious extension of the notation for Oi^g : I I (with ^^(0) = and 
6{1) = 1), the mappings Ji and ji are (re) defined by 

Ji(s,7) = 7 o 6*1^2^ J2(7,t) = 7 o 6'i 



'11 

3 ' 3" ^ ■ ' - . 33 

2^2 2 ' 



33 3 3 3 



Ji{s,l) =^061^^ J2(7,t)=7o^2 



3 



so that 



Jio(id X J2)(s,7,t) =7o^2_j0^i^2, =70^1^^^ (E.2.1) 



33 3 
22 2 
3^3 3" 



J2o(Ji X id)(7,s,t) =7o^i^^o^i^i =70^1^^ (E.2.2) 
We need to prove that the corresponding cohomology diagram commutes. The only part 



that is not obvious is the square designated 2 in the diagram. This square commutes up 



to (relative) homotopy for the following reason. Let m denote the set of continuous non- 
decreasing mappings 9 : [0, 1] [0, 1] such that 9{0) = 0, 9{1) = 1, and 9 is linear on [0, |], 
on [|, |], and on [|, 1]. For i = 1, 2, 3 let rrij denote the collection of all 6* G m such that 9 is 
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(A,Ao) X (A, Ao) X (A, Ao) 
A X id 

X (A,Ao) 

3 3 3 

|t X id 

^ (A,A-J^r°'>°) X (A,Ao) - 
' Ji X id 
(7i,9/i) X (A,Ao) X (A,Ao) - 



id X A 

s 



(A,Ao) X (J^2,J^2 -rV 



id X r 



(A,Ao) X (A,A-J^f 



id X J2 



(A,Ao) X (A,Ao) X (12,9/2) 



(^2 , T% — C' 



33 J2 



Ji 



(A,A-C>°'>°'^°) 



J2 




r>0,>0-, 



(7i,a/i) X {T2,T^ -:r>"'>") ^ (ludh) x (A.A-JFj 

^ 7- 3 id X J2 

Figure 1 1 . Associativity of ® product 



A X id 

X (72, a/2) 

3 3 3 

|r X id 

- (A,A-JFr°'>°) X (72, a/2) 
3 

I Ji X id 

(/i,a/i) X (A,Ao) X (/2,a/2) 



constant on |] • The functions 9etc. appearing on the right side of (]E.2.ip and (]E.2.2p 
may be interpreted as continuous mappings (s, t) E Ii x I2 ^ m with the following boundary 
behavior: {0} x /2 — > mi, {1} x I2 ^ m2; h x {0} m2; and /i x {1} m^. This boundary 
behavior is indicated in Figure | 



mi 



ms 



m2 



m2 



Figure 12. Boundary behavior 
But the collection of such maps I1XI2 — > m is convex, so the mappings flE.2.ip and flE.2.2p 
are homotopic. This completes the proof that the ® product is associative. 
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